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2ABSTRACT
This thesis is concerned with the vibration characteristic of 
tapered rectangular cross-section cantilever beams with and without pre­
twist*
A number of conventional methods of analysis of vibration problems 
are investigated and a finite difference method of solution of the differen­
tial equation of motion of a beam of uniform cross-section is presented* In 
this method the equation of motion is reduced to a set of linear simultaneous 
algebraic equations by replacing the derivatives in the equation of motion by 
their corresponding central difference relationships using a finite step 
length* The resulting simultaneous equations are expressed as a matrix 
equation and the natural frequencies and their corresponding mode shapes are 
obtained by an iteration technique* Successive closer approximations to the 
actual results are obtained by using successive smaller step lengths thus 
increasing the size of matrix* An extrapolation formula for obtaining a 
very close approximation to the true result from successive approximation 
is developed.
The results are compared to the work of other investigators 
using other methods of analysis and good agreement is obtained*
The method is extended to solve the equation of motion of tapered 
and pretwisted tapered beams in bending vibration, with and without 
including the shear and rotary inertia effects. The method is also extend­
ed to solve the equation of motion of torsional vibration of tapered and 
pretwisted tapered beams with and without warping effect.
The effect of width and depth tapers on the bending vibration of 
a cantilever beam is studied by considering a beam of rectangular cross- 
section, thus eliminating the coupling due to non-coincident mass and 
elastic axis* The theoretical results obtained by the finite difference 
method for the frequencies and mode shapes of the first five modes &>r 
various width and depth tapers are presented. Experimental results
3obtained showed v'ery good agreement *rith the theoretical results*
The effect of depth and width tapers on the coupled bending- 
bending vibration of a beam is studied by considering a beam of square 
cross-section at the root, thus eliminating the coupling purely due to width 
to depth ratio of the beam cross-section* Theoretical results obtained 
showed good agreement with the experimental results for the first six modes 
presented*
The effect ofthe root width to depth ratio on the frequency of 
vibration of a pretwisted tapered beam is investigated and the results are 
presented for tapered pretwisted beam for a range of root width to depth 
ratio*
The effects of shear deformation and rotary inertia on the frequen­
cy of vibration of tapered and tapered pretwisted beams are studied and the 
theoretical results obtained are presented for a few selected taper ratios*
Results obtained by applying the finite difference method in the 
analysis of torsional vibration of uniform cross-section beams are compared 
with the exact solution available in order to establish the accuracy of the 
method* Using this method the characteristics of tapered beams in torsional 
vibration are obtained* The frequencies and mode shapes of the first five 
modes are presented* Experimental results obtained showed good agreement 
with the theoretical results*
The increase in torsional frequency of beams due to pretwist is 
investigated and results for uniform and some tapered beams are presented. 
Experimental results showed some agreement with the theoretical results*
The effect of warping of the cross-sections in torsion when con­
sidered, for short beams shows an increase in frequency of vibration as the 
length of the beam decreased* The theoretical and experimental results 
obtained for a uniform cross-section beam show some agreement* The theoreti­
cal results obtained for tapered beams are presented for the first few modes*
4C O N T E N T  S'
TITLE PAGE
ABSTRACT
CONTENT
LIST OF GRAPHS AND ILLUSTRATIONS
LIST OF PLATES
LIST OF TABLES
ACKNOWLEDGEMENTS
LIST OF SYMBOLS
CHAPTER 1 INTRODUCTION AND
PAGE
1
2 
4 
12 
18 
19 
21 
22
SCOPE OF PRESENT WORK 28
1.1 Introduction 28
1.2 General Consideration 30
1.3 Previous work and Scope of the Present Work 32
1.4 Statement of Work 44
2 BENDING VIBRATION OF UNIFORM BEAM 45
2.1 Method of Analysis 46
2.1.1 Introduction 46
2.1.2 Rayleigh Method 46
2.1.3 Rayleigh Ritz Method 49
2*1.4 Myklestad Method 50
2.1.5 Stodola Method 53
2.1.6 Finite Difference Method 55
2.1.6.1 Step Length 5?
2.1.6.2 Extrapolation of Results 58
2.1.7 Discussion of Results. . 62
5PAGE
CHAPTER 3 TAPERED BEAMS 70
3.1 Introduction 71
3.2 Method of Analysis 71
3.3 Taper in the Width 73
3.4 Taper in the Depth 75
3.5 Taper both in the Width and Depth 77
3*6 Discussion of Results 82
3.6.1 Introduction 82
3*6.2 Vibration of Beams Tapered in Width Only. 82
3*6*3 Vibration of Beams Tapered in Depth Only. 84
3*6.4 Vibration of Beams Tapered in Width and Depth. 85
CHAPTER 4 COUPLED BENDING-BENDING VIBRATION 148
4.1 Introduction 149
A.2 Uniform Beams 150
4*3 Method of Analysis 151
4*3.1 Step Length 153
4*3*2 Extrapolation 155
4.4 Beams Tapered in Width only 158
4.5 Beams Tapered both in Width and Depth 159
4.6 Effect of Root Width to Depth Ratio 162
4.7 Discussion of Results. 163
4.7.1 Introduction 163
4.7.2 Accuracy of the Finite Difference Method 164
4*7*3 Beam Tapered in Width Only 166
4*7.4 Beam Tapered in Both Width and Depth 170
4.7.5 Effect of Width to Depth Ratio. 174
PAGE
CHAPTER 5 SHEAR AND ROTARY INERTIA EFFECT ON BENDING- VIBRATION
5,1 Introduction
210
211
5.2 Uniform Beams 211
5.2 .1 Method of Analysis 212
5.3 Tapered Beams ^ 215
5.4 Pretwisted Uniform Beams 218
5.4.; Method of Analysis 220
5.5. Pretwisted Tapered Beams 223
5.6 Discussion of Results 225
5.6.1 Uniform Beam 225
5.6 .2 Tapered Beams 228
5.6.3 Pretwisted Uniform Beams 229
5.6.4 Pretwisted Tapered Beams 230
CHAPTER 6 TORSIONAL VIBRATION OF SLENDER BEAMS 250
6 .1 Introduction 251
6 .2 Torsional Stiffness 251
6 .3 Torsional Vibration of Uniform Beam 254
6.3.1 Exact Solution 254
6.3 .2 Finite Difference Solution 255
6.4 Torsional Vibration of Beams Tapered in Depth 256
6 .5 Torsional Vibration of Beams Tapered in Width and
Depth 258
6 .6 Discussion of Results. 259
PAGE
6.6.1 Introduction 259
6.6.2 Torsional Stiffness 260
6.6.3 Uniform Beam 26l
6.6.4 Beams Tapered in Depth 262
6.6.5 Beams Tapered in Width and Depth 263
6.6 .6 Beams with Equal Width and Depth Tapers 264
CHAPTER 7 TORSIONAL VIBRATION OF PRETWISTED BEAMS 304
7*1 Introduction 305
7.2 Torsional Stiffness of a Pretwisted Beam 306
7.3 Torsional Vibration of Pretwisted Uniform Cross
section Beams. 307
7*4 Pretwisted Tapered Beams 308
7.5 Discussion of Results 310
7.5*1 Torsional Stiffness 310
7.5.2 Torsional Vibration of Pretwisted Uniform Cross-
section Beam 310
7*5*3• Torsional Vibration of Pretwisted Tapered Beam
312
CHAPTER 8 TORSIONAL VIBRATION OF SHORT BEAMS 323
8.1 Introduction 324
8.2 Equation of Motion 324
8.3 Torsional Vibration of Short Uniform Beams 328
8.4 Torsional Vibration of Short Tapered Beams 329
8*5 Discussion of Results 330
8*5*1 Introduction 330
8.5*2 Uniform Beam 330
8.5*3 Tapered Beam 331
8CHAPTER
CHAPTER
PAGE
2 PREPARATION OF TEST BEAMS 348
9.1 Introduction 349
9.2 Heat Treatment 350
9.3 Uniform Beams 350
9.4 Tapered Beams 350
9.5 Pretwisting of Beams 351
9.6 Tapering of Pretwisted Beams 351
9.7 Measurement of Pretwist Angle After Tapering
352
10 EXPERIMENTAL PROCEDURE 359
;o.i Introduction 360
10*2 Clamping Arrangement 361
10.3 Frequency Excitation 361
10.4 Frequency Measurement 363
10.5 Mode Shape Measurement 363
10.6 Discussion of Experimental Results 365
10.6.1 Introduction 365
10.6.2 Bending Vibration of Beams 366
10.6.3 Coupled Bending-Bending Vibration of Beams 36?
10.6.4 Torsional Vibration of Tapered Beams 368
10.6.5 Torsional Vibration of Pretwisted Beams 369
10.6 .6 Torsional Vibration of Short Beams 369
9
PAGE
CHAPTER 11 CONCLUSIONS OF THE PRESENT WORK 373
11.1 Introduction 374
11.2 Conclusionsof Chapter 2 374
11.3 Conclusions of Chapter 3 375
11.4 Conclusions of Chapter 4 37 6
11.5 Conclusions of Chapter 5 378
11.6 Conclusions of Chapter 6 379
11.7 Conclusions of Chapter 7 379
11.8 Conclusions of Chapter 8 380
11.9 Summary of Conclusions 380
11.10 Scope of Future Work 381
APPENDIX I BASIC BEAM EQUATIONS 383
1.1 Equation of Bending of a Beam in One Plane 383
1.2 Equations of Bending of a Beam Simultaneously
in Two Directions 384
1.3 Relationships between 1 , 1  ,sac yy I ,xy
1^  and IyY
386
APPENDIX II TORSION OF A CYLINDRICAL BAR 391
APPENDIX III ENERGY EQUATIONS OF A BEAM 399
III.l Strain Energy due to Bending in One Plane 399
III.2 Strain energy due to Simultaneous Bending in
Two Planes. 400
III.3 Strain Energy due to Torsion 401
III.4 
111*5
Kinetic Energy of a Beam Vibrating in One Pla^ e
401
Kinetic Energy of a Beam Vibrating Simultaneously 
in Two Planes 402
10
PAGE
III.6 Kinetic Energy of a Beam in Torsional Vibration
403
APPENDIX IV
IVcl 
IV. 2
IV. 3
IV.4
EQUATIONS OF MOTION 404
A Note on Hamilton's Principle 404
Equations of Motion of a Beam Vibrating in
One Plane 404
Equations of Motion of a Beam Vibrating
Simultaneously in Two Planes 406
Equation of Motion of a Beam in Torsional
Vibration. 409
APPENDIX V
V.l
V,2
V.3
V.4
ENERGY EQUATIONS OF A BEAM INCLUDING SHEAR AND 
ROTARY INERTIA EFFECTS 411
Strain Energy of a Beam Vibrating in One Plane
4 H
Kinetic Energy of a Beam Vibrating in One Plane
412Strain Energy of a Beam Vibrating Simultaneously 
in Two Planes 414
Kinetic Energy of a Beam Vibrating Simultaneous­
ly in Two Planes 415
APPENDIX VI
VI.1
VI.2
EQUATIONS OF MOTION INCLUDING SHEAR AND ROTARY 
INERTIA EFFECTS 428
Equation of Motion of a Beam Vibrating in One
Plane 41q
Equation of Motion of a Beam Vibrating
Simultaneously in Two Planes 4^9
APPENDIX VII SOLUTION OF EIGENVALUE PROBLEMS 421
VII*1 Iterative Procedure for Dominant Latent Root
421
VII.2 Root Removal and Reduction of Matrix Order 422
VII.3 Back-Substitution Process to Obtain Latent-
Vectors# 424
APPENDIX VIII DERIVATION OF EXTRAPOLATION FORMULAS 425
VIII.l Finite Difference .Relationships 425
VIII.2 Derivation of Extrapolation Formulae 425
12
LIST OF GRAPHS AND ILLUSTRATIONS 
FIGURE PAGE
CHAPTER 2
2*1 Definition of Elastic Coefficients and Free Body
Diagram of the rth segment* 67
2*2 Frequency Parameter of Third Mode for Various
Step Lengths* 6 8
2*3 Frequency Parameter of Fourth Mode for Various
Step Lengths* 69
CHAPTER 3
3*1 Beam Tapered in Width 91
3*2 Frequency Parameters of Beams Tapered in Width 92
3*3 Variation of Frequency Parameter Ratios with Width
T*per 97
3*4 Modal curves of Vibration of Beams Tapered in
Width 98
3*5 Beam Tapered in Depth 103
3*6 Frequency Parameters of Beam Tapered in Depth 104
3*7 Variation of Frequency Parameter Ratios with Depth
Taper 109
3*8 Modal curve of Vibration of Beams Tapered in Depth 110
3*9 Beam Tapered in Width and Depth 115
3*10 Frequency Parameter Ratio of Tapered Beams 116
3*11 Ratios of Frequency Parameter of Beams Tapered in
Width and Depth to the Frequency Parameter of 
Beams Tapered in Depth Only* 121
FIGURE
3*12
3*13
3.14
3.15
3.16
3.17
4*1
4*2
4.3
4*4
4.5
4*6
4.7
4.8
13
PAGE
Frequency Parameter Ratio of Tapered Beams 122
Ratios of Frequency Parameters of Beam Tapered in Width 
and Depth to the Frequency Parameter of Beam 
Tapered in Width Only 127
Modal Curve of Tapered Beams (p=-.5) 128
Modal Curve of Tapered Beams ([3=0*5) 133
Modal Curve of Tapered Beams (&=-*.5) 138
Modal Curve of Tapered Beams (6= *5) 143
CHAPTER 4
Frequency Parameter Ratio of a Pretwisted Beam
Tapered in Width 178
Modal Curve of the First Mode of a Beam Tapered
in Width 182
Modal Curve of the Second Mode of a Beam Tapered
in Width 184
Modal Curve of Third Mode of a Beam Tapered in Width l86
Modal Curve of the Sixth Mode of a Beam Tapered in
Width 188
Frequency Parameter Ratio of Pretwisted Beams
Tapered in Width 190
Pretwisted Beam Tapered in Width and Depth 193
Frequency Parameter Ratio of a Tapered Beam for
Various Pretwist Angles 194
14
FIGURE
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16
4.17
5.1
5.2
5.3
PAGE
Frequency Parameter Ratio of Tapered Beams for
Various Depth Tapers ((3 = -0.5) 198
Frequency Parameter Ratio of Tapered Beams for
Various Depth Tapers ((3 = 1.0) 199
Frequency Parameter Ratios of Tapered Beams p=1.0 200
Modal Curves of Third Mode of Pretwisted Tapered
Beams (p = 1.0, a * 60°) 201
Modal Curves of Fourth Mode of Pretwisted Tapered
Beams (p = 1.0, ot = 60°) 203
Modal Curve of zy component of the Fifth Mode of
Pretwisted Tapered Beams (p = 1.0, a =■ 60) 205
Modal Curves of Sixth Mode of Pretwisted Tapered
Beams (p =1.0, a = 60°) 206
Effect of b/^ Ratio on the Frequency Parameter
Ratio of Pretwisted Beams (p = -0.5, 6=0) 208
Effect of b/^ Ratio on the Frequency Parameter
Ratio of Pretwisted Beam (p= -0.5,6 =1.0) 209
CHAPTER 5
Effect of Shear and Rotary Inertia on a Uniform
Beam 233
Effect of Matrix Order on the Frequency Parameter
of a Uniform Beam 234
Effect of Shear and Rotary Inertia on a Tapered
Beam (p=0 , 6=0.5, P= -0.5,6 = 0.5) 235
FIGURE
5*4
5.5
5.6
5.7
5.8
5.9
5.10 
5.H
6.1
6.2
6.3
6.4
6.5
6.6 
6.7
15
PAGE
Effect of Shear and Rotary Inertia on a Tapered
Beam ((3 = 0.5,6=0.5, P = -0*5j 6 = -0.5) 236
Effect of Taper on the Vibration of Timoshenko
Beams 237
Effect of Pretwist on the Frequency Parameter Ratio
of Timoshenko Beams 238
Effect of Shear and Rotary Inertia on the Vibration
of Pretwisted Beams 243
Shear and Rotary Inertia Effects on Uniform Cross-
section Pretwisted Beams for Various c,/^  Ratio* 244
Effect of Pretwist on Tapered Timoshenko Beams 245
Effect of Pretwist on Tapered Timoshenko Beams 248
Effect of Shear and Rotary Inertia on Pretwisted
Beams. 249
CHAPTER 6
!Stiffness Factor of Rectangular Cross-section 266
Inertia Factor of Rectangular Cross-section 267
Torsional Shape Factor of Rectangular Cross-section 268 
Torsional Frequency Parameter Ratios of Beams of
Constant Width for Various Depth Tapers 269
Modal Curve of Torsional Vibration of Tapered
Beams (j3 = 0) 274
Torsional Frequency Parameter Ratio of Tapered Beams 279 
Modal Curve of Torsional Vibration of Beams with
Width Taper of -0.5 284
16
FIGURE
6*8 Modal Curve of Torsional Vibration of Beams
With Width Taper of 0*5 
6,9 Torsional Frequency Parameter of Beams with Equal
Depth and Width Tapers 
6*10 Modal Curves of Torsional Vibration of Beams with
Equal Depth and Width Tapers.
CHAPTER 7
7*1 Geometry of the Cross-section of a Pretwisted
Beam in Torsion 
7*2 Additional Torsional Stiffness due to Pretwist
7*3 Torsional Frequency Parameter Ratio of Pretwisted
Beam of Uniform Cross-section 
7*4 Effect of Pretwist on the Torsional Frequency
Parameter Ratios of Beams of Uniform Rectangu­
lar Cross-section 
7*5 Increase in Torsional Frequency Parameter Ratios of
Tapered Beams due to Pretwist
CHAPTER 8
8*1 Effect of Length on the Torsional Vibration of Short
Beams of Uniform Cross-section 
8*2 Effect of Length on the Torsional Vibration of Short
Tapered Beams (j3 « 0*5» 5 - 0*5)
8*3 Effect of Length on the Torsional Vibration of Short
Tapered Beams ((3 = 0*5» 6 = 1*0)
PAGE
289
294
299
314
315
316
321
322
333
338
343
17
FIGURE PAGE
APPENDIX 1
A«l«l A short Element of a Beam Bent in yz plane 388
A.1*2 A short Element of a Beam Bent Simultaneously
in zy and zx planes 339
A*1*3 Relationship Between Co-ordinate Axes 3^0
APPENDIX IX
A#2.1 A short Element of a Bar in Torsion 397
A. 2*2 Cross-section of a Bar in Torsion 398
APPENDIX V
A®V«1 A Beam Bent About the xx Axis 417
A.Vo2 A Beam Bent Simultaneously about the xx and yy
axes 417
18
LIST OF PLATES
PAGE
PLATE 1 A Set of Tapered Beams 354
PLATE 2 Pre-twisting Rig '
PLATE 3 A Set of Pretwisted Tapered Beams 35&
PLATE 4 Arrangements for Tapering Pretwisted Beams 357
PLATE 5 Pre-twist Measurement Rig 358
PLATE 6 Clamping Arrangement 370
PLATE 7 General Arrangement of the Vibration Apparatus 372
PLATE 8 Arrangement for Mode Shape Measurement 372
19
TABLE
2«1
2,2
2-3
2.4
2-5
3.1
3.2
4.1
4.2
4.3
LIST OF TABLES
CHAPTER 2
Frequency Parameters of a Uniform Beam Using Various 
Step Lengths
Frequency Parameters of a Uniform Beam Extrapolated 
from Various Step Lengths
Percentage Errors of Extrapolated Frequency Para­
meters
Mode Shapes of Uniform Beam from Various Step Lengths
Comparison of Frequency Parameters for a Uniform 
Beam Obtained from Various Methods.
CHAPTER 3
Comparison of Frequency Ratios of Tapered Beams
Comparison of Mode Shapes of Tapered Beams
CHAPTER 4
Values of X/^ obtained by Using Different Step 
Lengths anci by Extrapolation
Comparison of Frequency Parameter Ratios Obtained 
by Finite Difference Method and Matrix Dis­
placement Method for a Uniform Beam of b/ - 2
Comparison of Frequency Parameter Ratios Obtained
by Finite Difference, Matrix Displacement and
Transformation Methods for a Uniform Beam of
b/ ratio of 4. c
PAGE
59
59
60
6 *
60
80
81
155
156
157
20
TABLE
6.1
CHAPTER 6
Torsional Frequency Parameters of Uniform 
Rectangular Beams.
PAGE
256
21
ACKNOWLEDGEMENTS
The author expresses his thanks to Professor W. Carnegie 
for helpful discussions on the work and in the preparation of this thesis*
Thanks are also expressed to members of the academic staff who 
have assisted in any way and also to the workshop and technical staff for - 
their assistance in the preparation of experimental specimens and the experi~ 
mental work.
The author expresses his thanks to Professor J.M. Zarek and 
Professor W. Carnegie for permission to carry out the work in the Mechanical 
Engineering Department of the University of Surrey.
LIST OF SYMBOLS
Area of cross-section.
Area of Cross-section at the root.
Area of Cross-section at a die^ewoo * tvom the r<>ofc >
A square matrix,
A square matrix*
A square matrix#
A constant•
Torsional Rigidity,
A square matrix.
Modulus of Elasticity
Lagrangian
Modulus of Rigidity
Kinetic Potential
Polar Moment of Area
Second moment of area of cross-section about xx axis 
Second moment of area of cross-section about yy axis
Second moment of area of root cross-section about
Second moment of area of a section about XX axis.
Second moment of area of a section about YY axis.
Torsional Stiffness,
Inertia factor.
Length of the Beam
A square matrix
Bending moment.
Bending moment in the zx plane.
Bending moment in the zy plane.
Radius of Curvature,
Radius of curavture in the zx plane.
Radius of curvature in the zy plane.
Torsional stiffness factor.
Total kinetic energy$ Torque.
Kinetic energy of beam in bending
Kinetic energy of beam due to shear deflection.
Kinetic energy of beam due to torsion.
24
Strain energy due to bending.
V Strain energy due to shear deflection,
S
Vj. Strain energy due to torsion,
W Wronskian.
X,Y,Z Co-ordinate axes in the principal direction,
a Width of the beam at the tip section? distance of a fibre from
the axis along the xx axis.
a., a, Coefficients,
i* j
b Width of the beam at the root section; distance of a fibre
from the axis along the yy axis.
c Depth of the beam at the root section.
d Depth of the beam at the tip section.
e Strain
f Stress
g Acceleration due to gravity,
h Step length,
i An integer
j An integer
k Torsional shape factor; shear coefficient; a constant.
Side of a square cross-section
Number of segments.
Circular frequency.
Matrix element; a constant.
An integer
An integer 
Time
Displacement along xx axis.
Displacement along yy axis.
Density; displacement along zz axis.
Co-ordinates of the fixed axes system 
Deflection along the xx axis.
Deflection along the yy .axis.
Deflection of a beam tapered in width and depth.
Deflection of a beam tapered in depth only.
Deflection of a beam tapered in width only.
Deflection of a uniform beam.
Pretwist angle. 
Width Taper 
Depth taper 
A small quantity.
Frequency parameter.
Lowest frequency parameter of a uniform beam. 
Frequency parameter of a uniform beam.
Frequency parameter of a beam tapered in width.
Frequency parameter of a beam tapered in depth.
Frequency parameter of a beam tapered in width and
Torsional frequency parameter.
Density
Time
Warping function; bending slope.
Bending slope in the xz plane.
Bending slope in the zy plane.
A function of x.
A function of T}
Shear slope in zy plane
Stress function? shear slope in zy plane* 
f f  02 dxdy.
Torsional displacement.
28
I* INTRODUCTION and scope of present work
1*1 Introduction
In recent years the study of metal fatigue has gained importance 
in industry. The failure of engineering components due to fatigue has 
aroused interest in the characteristics of the materials and in the dynamics 
that cause the fatigue. It is known that when an engineering component is 
subjected to an alternating stress above a certain value the component fails 
due to metal fatigue. Jn order to avoid the fatigue failure, it is necessary 
to determine the vibration characteristics of the component.
The problem of determining the natural frequencies and mode shapes 
of vibration of pretwisted tapered beams is of importance in the design of 
engineering components. These include turbine and compressor blading, and 
aircraft and helicopter propellors.
The vibration characteristics of straight uniform beams are well 
known and are given in standard text books. The vibration characteristics 
of pretwisted uniform beams which give coupled vibration have also been 
studied by many investigators.
The purpose of ihe present work is to study the vibration 
characteristics of tapered beams both straight and pretwisted, with a view 
to appreciate the effect of taper on the frequency and mode shape of 
vibration of the beams.
A method of solution of the equations of motion of a tapered 
beam, with and without pretwist and with and without shear and rotary 
inertia is developed. The results obtained by the present method are com­
pared with those obtained by other methods for the frequency and mode shapes 
of a straight uniform beam.
A beam may be tapered in the width and in the depth. The separate 
effect of width taper and depth taper on the vibration characteristics of a 
straight beam are considered by introducing one taper at a time. The com­
bined effects of the width taper and depth taper on the frequencies and mode
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shapes of a straight beam are also considered,
A square cross-section beam when pretwisted shows no variation 
in the frequencies of vibration, when second order terms such as stiffening 
due to pretwist, is ignored. The effect of taper on the vibration of pre­
twisted beam are considered by introducing taper on a square cross-section 
beam. The taper causes the beam to give coupled bending-bending vibration.
A pretwisted uniform rectangular cross-section beam executes
f
coupled bending-bending vibration caused by the difference between the width 
and depth of the cross-sections. The addition of taper in width or depth 
or both affects the coupling. The effect of the taper on the coupled vibra­
tion of a pretwisted beam for a wide range of width to depth ratio of the 
rectangular cross-section are investigated. ^
The effect of shear displacement and rotary inertia on the vibra­
tion of a beam increases as the depth to length ratio increases. This 
effect is investigated for tapered and pretwisted tapered beams for a wide 
range of the depth to length ratios.
Torsional vibration of rectangular cross-section beams are studied* 
Assuming the beams to be slender the stress and inertia effects due to 
warping of cross-sections are neglected inthe first instance. The effect 
of width taper and depth taper on the torsional vibration characteristics 
are investigated first by introducing one of the tapers at a time and then 
introducing both tapers together. Assuming the root cross-section to be a 
square the case of beams with equal width and depth tapers form a special 
case in that the cross-sections of the beam are square all along the length. 
This special case is investigated for a wide range of tapers.
The pretwisting of the beams increases the torsional rigidity 
thus increasing the frequency of torsional vibration of the beam. The 
effect of pretwist in the range 0° to 90° on the frequency of vibration is 
investigated for a uniform beam and for a tapered beam.
The effects of stress and longitudinal displacement due to warping 
of cross-sections on the torsional frequency of vibration is investigated 
first, for a uniform beam, and then for tapered beams.
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The problem of tapering a pretwisted beam is overcome by the 
development of a rig which is used in making the specimens for the experi­
mental investigations* A large number of specimens • are tested and a 
selected set of experimental results are presented.
1 .2  General Considerations
The geometry of a turbine or compressor blading is a complex 
one. The cross-sections are asymmetric about their principal axes, and 
the centroidal axis and elastic axis does not coincide* The bladings are 
tapered both in -width and depth and are generally pretwisted.
The bladings are often subject to external restraints such as 
lacing and shrouding& The bladings are attached to the periphery of 
rotating discs rotating at high speeds. The fixed ends of the bladings may 
not be encastre. The bladings are often surrounded by steam or gas which 
introduces damping effects to the vibration.
The bladings are made to vibrate by a number of factors such as 
out of balance in •the rotor assembly, the impact of gas or steam on the 
blading, the relative pressure difference around the stators, etc. If the 
frequency of the disturbing force is different from the natural frequencies 
of vibration of the blading the blading may execute forced vibration with 
very small amplitude of vibration. When the frequency of the disturbing 
force coincides with one of the natural frequencies of vibration of the 
blading, the amplitude of vibration of the blading becomes large, for ex­
tremely small magnitude of the disturbing force. The"forced vibration of 
the blading is not of concern as the amplitude of vibration and hence the 
stress in the blading is very small* The large amplitude associated with 
the natural frequency of vibration produces large stresses which may cause 
fatigue failure of the blading.
Different definitions are given by different authors for the shear 
centre, centre-of-flexure and centre-of-torsion. The bending of the beam 
takes place about the centre-of-flexure axis, and the torsion of the beam 
takes place about the centre-of-torsion. In an asymmetrical cross-section
31
used in turbine blading it is often assumed that these points are either very 
close to each other or are coincident*
When the blading bends about the centre-of-flexure axis, the iner­
tia loading at the centroidal axis introduces a torque in the cross-section 
of the blading* This torque produces torsion in the blading* Hence an 
asymmetric beam executes a coupled bending-torsion vibration* When the 
blading is pretwisted bending takes place simultaneously about two perpen­
dicular axes passing through the centre-of-flexure* Since the inertia 
forces are still passing through the centroidal axis, torsion is associated 
with the bending and the blading executes coupled bending-bending-torsion 
vibration*
In practice the torsional component of the mode shape produces 
very little effect on the first or second mode of vibration as the distance 
of the centroid from the centre-of-flexure is very small* In these cases 
the results obtained by ignoring torsional coupling forms close approxima­
tion to the 'true frequency of vibration of the blading*
The rotation of the rotor on which the bladings are attached 
introduces a centrifugal force which tends to stiffen the blading against 
deformation and hence increases the frequencies of vibration*
Shear displacement and rotary inertia, stresses and longitudinal 
displacement due to warping of cross-section, anticlastic bending are some 
of the secondary factors that affect the frequencies of vibration of the 
blading* Shear displacement and rotary inertia and warping effects become 
of importance in short thick beams and are negligible in long slender beams* 
The antielastic bending become of importance in wide thin beams which may be 
classified as plates and become negligible in thick beams.
In order to simplify the problem,in the first instance, the 
bladings can be assumed to be encastre at one end and free at the other end* 
The torsional coupling can be eliminated by considering rectangular cross- 
section beams, thus making the centroidal and centre-of-flexure axes coin­
cident* Assuming the rotor to be stationary, the vibration characteristic 
can be investigated which would assist in the investigation of vibration 
characteristic under rotating conditions*
1.3 Previous Work and Scope of Present Work
The vibration of beams of uniform cross-section has been 
1 2studied by various authors 1 and has been included in standard text books 
on vibration. The equation of motion of the beam in vibration expressed in
non-dimensi!onal form is a fourth order differential equation with constant
. . 3coefficients and the solution of this equation is well known •
The solution of vibration problems of non-uniform beams and
asymmetrical beams are much more complicated. Various methods were used by
4 .many investigators. Carnegie used the Rayleigh’s principle in evaluating
the fundamental frequencies of uniform rectangular and aerofoil cross- 
section cantilever beams with and without pretwist. The theoretical results 
obtained by assuming the static deflection curve to be the dynamic deflec­
tion Curve showed good agreement with his experimental results.
5
Depriraa and Hendelman used Rayleigh Ritz principle by using 
fourth order polynomials as approximations to the dynamic displacement 
curves. The fundamental frequency was obtained for a set of pretwisted 
beams with various width to depth ratio.
6Houboult and Brook indicated the use of Rayleigh-Ritz principle
in the determination of the frequencies of vibration of a pretwisted beam
of uniform asymmetrical cross-section beam executing coupled bending-
bending-torsion vibration. The method was not actually applied to any
7
practical case. Lee and Bisshopp used Rayleigh-Ritz and Galerkin
methods to determine the effect of shear and rotary inertia on the flexural
vibration of a wedge. Frequencies of the first three modes of vibration
8were obtained. Dawson applied Rayleigh-Ritz method in the determination 
of the frequencies of vibration of pretwisted rectangular cross-section 
beams including the effect of shear and rotary inertia effects. The 
dynamic deflection curve was assumed to be a linear combination of 
characteristic functions of a uniform cross-section beam.
9 .Rao used the Galerkin method to predict the fundamental
l
frequency of a beam tapered in depth.
33
Rosard used the %klestad ** method in obtaining the fre­
quencies of pretwisted uniform cross-section beams and compared with the 
experimental results• The theoretical mode shape of a beam with width to
depth ratio of 8 and pretwist angle of 40 degrees was obtained but no
12experimental results were presented. Housner and Keightley used a
Myklestad type procedure in determining the first three modes of tapered 
beams. The results were further improved by Stodola mode iteration. The 
results obtained were compared with those obtained by the Stodola method 
and the finite difference method.
13 .
Slyper formulated the Stodola method of mode iteration and 
applied it to pretwisted beams of various width to depth ratios. The 
results obtained by allowing 25 iterations for each mode were within 5%
of the experimental results for the first five modes.
14Isackson and Eisley applied the Holzer-Myklestad method to 
coupled bending-torsion vibration of beams and obtained results close to 
the experimental results.
15Targoff applied the transfer matrix method to coupled bending-
bending vibration of uniform cross-section beams. The mass of the beam
was considered to be concentrated at some discreet stations and the flexural
rigidities assumed constant on either side of the mass. The tangent at
the mass station gave the orientation of the segment. The results obtained
with ten segments were within 2 and 4 percent error respectively, for the
16first and second modes. Pestel and Leckie gave a comprehensive ac­
count of the transfer matrix method.
17
Montoya applied the Runge-Kutta numerical integration method 
to uniform beams in coupled bending-bending-torsion vibration. Three 
coupled differential equations were transformed to ten first order equations 
which were then integrated by the Runge-Kutta procedure for an assumed fre­
quency, under five imposed boundary conditions at the clamped end of the 
beam, giving the remaining five functions the value of unity in turn while 
the four others are set to zero. The five boundary values thus found were 
combined linearly at free end for the corresponding assumed frequency.
34
Since these must satisfy the boundary condition at the free end a 5 by 5
determinant was obtained. This determinant must vanish for the correct
value of frequency. The results obtained for the first seven modes of an
actual turbine blade which was pretwisted and tapered showed very close
8agreement with his experimental results. Dawson used the method in 
obtaining the frequency and mode shapes of a pretwisted uniform cross- 
section beam executing coupled bending-bending vibration.
18
Martin used a perturbation method in the solution of coupled 
bending-bending vibration of uniform cross-section beams, treating pre­
twist as a first order perturbation. He assumed that the eigenvalues and 
eigenvectors can be expanded, by Taylor’s series, about zero degree pre- 
twist. Since the eigenvalue will remain unchanged if the sense of the 
pretwist is changed, he concluded that the eigenvalues of the pretwisted 
beam are even functions of pretwist angle. Eigenvectors were taken to be 
even and odd functions of pretwist in the broadwise and edgewise displace­
ments respectively. The results obtained agreed with the experimental
19results for small angles of pretwist. Martin also obtained the fre­
quencies of a tapered beam without pretwist on the assumption that eigen­
values and eigenvectors can be expanded in terms of the taper parameters 
about zero taper. His results agreed with his experimental results for a 
small range of taper.
An analytical method of solution of a coupled bending-bending
vibration of a beam assuming that one of the principal second moments
20of area was infinite was used by Troesch, Anliker and Zeigler • In a
21subsequent work Anliker and Troesch obtained the lowest four frequen­
cies of a pretwisted beam for eight different sets of end conditions.
In this work the assumption that one of the principal moments of area 
was infinite was relaxed. Complex arithmetic was used in obtaining an . 
eight by eight frequency determinant whose terms depended, through an 
eight order equation on pretwist, flexural rigidity and frequency para­
meters.
22Leckie and Lindburg used a finite element method in the
23
determination of the frequency of vibration of a uniform beam. Lindburg
35
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extended the method to non-uniform beam* Dokuraaci, Thomas and Carnegie 
extended the method to apply to the coupled bending-bending vibration of 
uniform cross-section beams. Results obtained for various pretwist angles 
and width to depth ratio of cross-section gave good agreement for fre­
quencies and mode shapes of vibration with the experimental results up to 
the fourth mode,
25
Payne used the finite difference method in the prediction
26of stresses in plates, Rissone and ¥illiaias used the method in the
determination of frequencies of bending vibration of non-uniform beams, -
27
Thomas used the method in predicting the frequencies and mode shapes 
of vibration of coupled bending-bending vibration of a tapered pretwisted 
beam. '
The finite difference method is developed in this thesis arid 
applied to bending vibration of beams both uniform and tapered. The dis­
advantage, often associated with this method in the past, namely, the 
large siae of the matrix necessary to get a reasonable accuracy in the 
result, is avoided by developing an extrapolation technique. The extra­
polation technique is used to predict a more accurate result of frequency 
parameter and mode shape from few successive approximate values obtained 
from small order matrices.
Attempts have been made by various investigators to predict
the effect of taper on the frequency of vibration of non-uniform cross-
28section beams, ¥rinch obtained the frequencies of vibration of a 
thin conical bar of circular cross-section, which had its tip free. By 
means of a discussion of the roots of certain equations containing 
Bessel functions of the second and third orders, both of real and of 
imaginary argument, the frequencies and nodal arrangement associated with 
the first three modes were investigated, in the case when the base of 
the bar is clamped.
29Nicholson considered the vibration characteristic of a beam 
formed by joining the thicker ends of two equal solids of revolution 
formed by rotating a curve y * Az11 about the 2 axis, where A and n are
36
constants. He obtained the general solution in terms of Bessel functions 
and evaluated the particular solution for the case of n equals l/4, 3/4,
4/5* 1 and 3 respectively.
30 .
Conway investigated the equation of motion square sections.
Although the,equation of motion derived was applicable it was solved only 
for a complete pyramid. No indication of the method of solution of the 
equation for a truncated pyramid was given. The characteristic equation 
of frequency was obtained in terms of Bessel functions and the roots of the 
equation were obtained.
19Martin investigated the vibration of tapered beams with a 
small range of taper. He assumed that the frequency and mode shape of 
vibration of a tapered beam can be expressed as a series depending on the 
frequency and mode shape of a uniform beam and the width and depth taper 
ratios. Using perturbation theory he obtained approximate values of 
frequencies of vibration of a tapered beam for the first five modes.
9Rao used the Galerkin technique and obtained the fundamental 
frequency of vibration of a rectangular cross-section cantilever beam with 
linear tapers.
31
Conway, Becker, and Dubil obtained the frequencies of 
truncated cones for the first five modes by the solution of the character­
istic equation involving the Bessel function of the second kind and modi­
fied Bessel functions of the second kind. A computer programme was used 
in solving the equations but no details of the method were disclosed.
12Housner and Keightley investigated the vibration of linearly 
tapered beams over a small range of taper using the Myklestad method and 
refining the result with the Stodola mode iteration method. Frequencies 
of the first three modes were presented for some cases of taper.
Rissone and Williams  ^ used a finite difference method to 
obtain the frequency of vibration of tapered beams and considered the 
effect of taper on beams over a small range of taper.
In the present work the vibration characteristic of beams 
linearly tapered in width and depth are investigated. The separate and
37
combined effect of width and depth taper on the frequency and mode shape 
of vibration of beams for the first five modes are studied* The equation 
of motion of the beams are derived in Appendix IV and they are solved by
using the finite difference method for a wide range of taper.
\ .
The analysis of vibration characteristics of a pretwisted beam
5is a complex one. Diprima and Hendelman derived the equation of motion 
of bending-bending vibration of a pretwisted beam by choosing moving 
triads in the directions of principal axes and longitudinal axes, whose 
rate of rotation equals the rate of pretwist.
20Troesch, Anliker and Ziegler derived the equation by a 
similar principle but the derivation was much more involved. Houbolt 
and Brooks derived the equation of motion of a twisted beam without 
assuming that the elastic and mass axes are coincident. Hence the equa­
tions are for coupled bending-bending-torsion vibration of beams.
4
Carnegie obtained two simultaneous differential equations for
the coupled bending-bending vibration of pretwisted rectangular beam.
17Montoya recently derived the equations of motion using vector repre­
sentations for coupled bending-bending-torsion vibration. The derivation 
was similar to that of Houbolt and Brooks •
Various methodsof analysis were used in the study of coupled
4bending-bending vibration of beams. Carnegie used Rayleigh's energy 
method to obtain the fundamental frequency of vibration. Diprima and
5 .
Hendelman used Rayleigh-Ritz method in obtaining the first few frequen­
cies using trial functions for the displacements in the principal direc­
tions.
10Rossard used the Myklestad method to obtain the first four
13frequencies of pretwisted beams of different width to depth ratio. Slyper 
used the Stodola method in obtaining the first eight frequencies of pre­
twisted uniform rectangular beams.
15Targoff used a transfer matrix method in the determination
X 7 q
of the frequencies. Montoya and Dawson used the Runga-Kutta numerical 
integration method on uniform pretwisted beams in bending-bending-torsion
33
vibration of beams. Large numbers of step lengths along the length of 
the beam were taken to obtain a reasonably accurate result.
18Martin used a perturbation method treating pretwist as a
first order perturbation. The results obtained were accurate only for
\ ' 24
small order of pretwist angles. Dokumaci, Thomas and Carnegie de­
veloped a finite element method to determine the frequencies and mode 
shapes of pretwisted beams. Very good results were obtained by consider­
ing a small number of elements.
Although the frequencies of vibration of tapered turbine 
blading were studied for a long time, a systematic study of the character­
istics of coupled bending-bending vibration of tapered beams has not yet 
been carried out. In the present work the vibration characteristics of 
pretwisted beams are investigated for a wide range of width and depth 
tapers. The effect of taper on the frequencies and mode shapes of the 
first few modes of vibration are studied.
The finite difference method of solution is for the first 
time applied to the coupled bending-bending vibration of uniform and 
tapered beams. The finite difference method gives very accurate results 
compared to other methods.
The classical Bernoulli-Euler theory for bending vibrations is 
known to give higher frequency values than those obtained by experiment
32
for higher modes and even in the lower modes for thick beams. Rayleigh
made an improvement to the classical theory by allowing for the effects
33
of rotary inertia of the cross-sections of the beam. Timoshenko
extended the theory to include the effects of shear deformation. The
resulting equations are known as the Timoshenko beam equations.
34 35Prescott and Volterra suggested, by independent reasoning, various
Timoshenko type beam models. Timoshenko theory is considered to be
satisfactory due to the close agreement it gives with the exact elasticity
36solutions obtained by Pochanmer for circular beams. Solution of 
Timoshenko equations for a cantilever beam of rectangular cross-section 
have been given by Sutherland and Goodman and also by Huang •
39
A shear coefficient k is introduced to take into account the 
shear stress distribution over the corss-section of the beam. Under 
static conditions the shear coefficient is defined as the ratio of maxi­
mum shear stress to the average shear stress and assuming a parabolic
X ‘ # 33
distribution of the shear stress the value of k becomes 1*5» Timoshenko
in his first paper on the subject used a value of 1.5* Later Timoshenk<^
used a value of 1*125 for k to bring his results into closer agreement
with three dimensional theory of small vibrations of elastic bodies.
34Prescott showed that the shear stress distribution at higher modes of 
vibration is different from that predicted by simple static equations 
and hence the value of k changes with mode number. Mindlin and
4oDeresiewig concluded that a value of 1.218 for k would be the best 
choice of the stress coefficient since it gave good agreement at the 
higher modes.
4l
Cowper deduced the Timoshenko beam equations by the 
integration of the three-dimensional elasticity equations using average 
displacements and average rotations over the beam sections, and obtained 
a value of 1.1?6 for k.
In the present work the value of k is taken to be 1 .2 which
40
is very close to the values given by Mindlin and Deresiewig and 
41Cowper •
The effects of shear and rotary inertia on- the vibration of
42cantilevered wedges were calculated by Lee for a particular beam.
Both the upper and lower bounds for the first three frequencies were
evaluated by the application of Rayleigh-Ritz method and by the computa-
7tion of Schwarts constants. Lee and Bisshopp used the Rayleigh-Ritz
and Galerkin methods and indicated the effect of the variations of the
shear and rotary inertia parameters for a particular shear coefficient
and the effect of the shear coefficient variation for particular values
43of shear and rotary inertia parameters. Recently Gaines and Volterra 
considered the Timoshenko type clamped-free truncated cones and wedges* 
Upper bounds were obtained by the Rayleigh-Ritz method and the lower 
bounds were also presented.
40
The study of the effects of shear and rotary inertia on the
vibration of pretwisted beams has received very little attention©
Houbolt and Brooks ^ introduced a rotary inertia terra in to the vibration
ofxpretwisted beams with one axis of symmetry subjected to rotation.
44
Carnegie derived the equations of motion including shear and rotary 
inertia effects for a pretwisted asymmetrical cross-section beam.
In the present work the equations of motion are derived starting
from the energy expressions using Hamilton’s principle along the same lines 
44
as Carnegie • These equations are then applied to a uniform beam of 
rectangular cross-section in order to establish the accuracy of the equa­
tions and the finite difference method. The results obtained are compared
38
i*ith those of Huang.. • *
These equations are then applied to beams of rectangular cross- 
section with pretwist. This gives rise to coupled bending-bending 
vibration and the motion is governed by four simultaneous differential 
equations.
The work is further extended to the case of pretwisted and non­
pretwisted beams with taper in width and depth. Beams with a wide range 
of tapers are considered for pretwist angles up to 90 degrees.
The torsional vibration of cantilever beams was considered by
45 67various authors. Timoshenko and Goodier and Sokolnikoff have derived
an equation for'the torsional rigidity of a rectangular cross-section beam
basing on a stress function that described the stress distribution over the
46 47 48cross-section. Roark , Pickett and Cady gave approximate formulae
for the calculation of torsional rigidity. The ’shape factor’ which is
46defined as the ratio of J/l as given by Roark’s formula differed very
P 45
slightly from that of Timoshenko and Goodier*s exact equation.
47 48Pickett’s and Cady’s formulae gave very nearly the same expressions 
for the shape factor. The largest value of shape factor is obtained for a 
square section.
The frequencies of vibration of bars of uniform circular cross-
1 2 , . ,
sections are given in elementary text books ’ » The torsional vibration
41
of bars of uniform rectangular cross-sections can be deduced from these
55results once the shape factor of the cross-section is known* Davj.es 
obtained the frequency expressions for a uniform rectangular cross-section 
beam*
Torsional vibration of tapered beams has so far received very 
49
little attention* Uta considered the torsional vibration of a bar whose
torsional rigidity and polar moment of area are proportional to a function 
of the distance from a fixed point in the beam* An equation of motion is 
obtained in the form
dS dt) + * & (z) 9 = 0
/
Assuming 0(z) » Zn he showed that the equation is a Bessel type equation
and obtained a solution for n = 2* He also showed that solutions are
2 2 2 possible for functions of $(z) equals cosh^iaz+n), sinh (mz+n), cos (mz+n)
2and sin (mz+n) where ra and n are constants.
The equation has constant coefficients if, and only if, $(z) is
, 4nz 50proportional to e • Mitra considered this function and showed that
the equation has no solution for n >  0 but is solvable for n <  0 if
» 2 2 _4n - p s 0.
Fettis considered the vibration of tapered circular cross-section
beams and derived an equation of motion. This equation can be obtained
49 4
from the one given by Utz by assuming 0(z) « Z . The equation of motion
was solved by Fettis ^  giving a transcendental equation as the characteris­
tic equation of the beam frequencies* Frequency parameters and mode shapes 
of the first five modes for certain tapers were presented.
26Rissone and l/illiaras considered the torsional vibration of 
rectangular cross-section beams linearly tapered in width and depth* The 
beams had a width to depth ratio of 4 at the root and the range of taper 
varied from - to 0. The theoretical results and experimental results 
for the first two modes were presented and showed very good agreement.
4Carnegie investigated the torsional vibration of uniform rectangu-
42
lar and aerofoil cross-section beams. The theoretical frequency was 
compared with the experimental results for the first four modes showing 
close agreement between the results.
^ In the present work torsional vibration of long slender beams
of rectangular cross-section is investigated by the finite difference 
method. The results obtained by this method are compared with the exact 
algebraic solutions for a uniform rectangular beam in order to establish 
the accuracy of the results.
The characteristics of tapered beams in torsional vibration 
are investigated for a wide range of taper. The separate and combined 
effect of width and depth taper on the frequencies and mode shapes of 
torsional vibration are studied for the first five modes. The frequency 
parameter ratios amd mode shapes of these modes are presented.
The special case of beams of equal width and depth tapers are
51
also investigated and the results compared with those obtained by Fettis • 
These results show very close agreement up to the fifth mode considered.
The pretwist has a considerable effect on the torsional stiff­
ness of a beam. A pretwisted beam, even a slightly pretwisted one is
considerably stiffer against torsion than the same straight beam. This
52was explained by Chen Chu to be caused by the appearance of secondary 
longitudinal stress.
53Stone and Schulze derived an equation of motion for a pretwist
ed beam involving higher order terms for a thin cross-section beam.
4 52Carnegie and Chen Chu obtained by different approach a 
correction to the torsional stiffness of a rectangular section due to pre­
twist. For thin rectangular cross-section beams the results obtained by 
these authors become identical, if the value of Poisson’s ratio of the 
material is assumed to be 0.25*
In this work the correction in the torsional stiffness of a
rectangular cross-section beam is derived by a different approach and ari
4 .
result is obtained similar to the one given by Carnegie • The assumption
that the cross-section is thin is not made and hence the final expression
4
obtained differs from that of Carnegie •
43
The frequency parameters of the first five modes of torsional
vibration of a rectangular cross-section beam, using the stiffness
correction derived in this section, is compared with the results obtained 
^ . 4  52by using the Carnegie - Chen Chu correction. The results are also 
compared with the experimental results.
The analysis is further extended for the first time to tapered 
beams of rectangular cross-section and the results obtained are presented.
In beams of short length the stress and displacement due to
*
warping of cverss-section becomeimportant. The correction in the kinetic
54energy of the fibre due to the warping of cross-section was given by Love . 
55Davies added this terra to the classical theory of torsion and worked out 
the length of the beam at which the frequency of vibration was altered by 
one percent.
The correction due to the increase in the longitudinal stress in
56the fibres due to warping of the cross-section was derived by Timoshenko
57for a thin walled open cross-section. Gere included this correction 
to the classical theory and obtained a few values of frequency for the 
torsional vibration of an I-section beam.
58Carnegie obtained the additional effect on the assumption 
that the fibres are inclined under torsion to the axis of the beam, thus 
giving rise to a component of force in the cross-section, which gives an 
additional restoring torque in the beam. The cross-sections of the beam 
are assumed to remain plane in torsion.
59Barr derived a complete equation for the torsional vibration 
of beams allowing for warping of cross-section. Using this equation the 
frequency parameter for beams of different width to depth ratio were ob­
tained.
In the present work the equation of torsional vibration includ­
ing the stress and inertia effects due to warping of the cross-section are 
derived. The equation is solved by using finite difference method. The 
work is extended to the torsional vibration of tapered beams with different 
width and depth tapers.
44
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CHAPTER 2
BENDING VIBRATION OF UNIFORM BEAMS
4 6
2*1 Method of Analysis 
2*1*1 Introduction
The vibration of uniform cross-section beam has beea ostU'died by 
1,2
various authors and has been included in standard text books on vibra­
tion* The equation of motion of the beam in vibration is derived in 
Appendix IV and is
4 -  ( h «  A ) + M  „ o
dz dz
Assuming simple harmonic motion of circular frequency p and 
expressing in non-dimensional form the equation of motion becomes
4
1 ^  y — 0 . •...•••.•••2*1
drj
Equation 2.1 is a fourth order differential equation with constant coeffi-
3cxents and the solutions of this equation are well known •
In order to establish a method suitable for the solution of 
equations of motion of beams of non-uniform cross-section and pretwist 
with and without shear and rotary inertia, the results obtained from 
various methods are compared with the exact solution of equation 2*1.
In this chapter a short account of the Rayleigh, Rayleigh-Ritz, 
Myklestad and Stodola methods are given and the results obtained by these 
methods are compared with the results from the exact analytical solution 
for bending vibration of a uniform cross-section beam* The finite differ­
ence method is developed and the results obtained from this method in 
conjunction with the extrapolation formulae derived in Appendix VIII are 
compared with those from the exact solution.
2.1*2 Rayleigh*s Method
Energy methods for the solution of vibration and stability
47
problems were being used for a very long time* The equation of motion of 
the system studied plays a secondary part, the primary role being played 
by the energy equation.
The energy method of determining the frequencies of vibration is 
an immediate consequence of the principle that, in siraply-periodic motion, 
the mean values of the total kinetic and potential energies of the vibrating 
systems are equal* For a uniform cross-section beam the strain and kinetic 
energies,from equations A46 and A5 6, are:
V a
and
0
4 ei /jL z
“ (dz2 .
pA *2z y dz
2g
dz
Assuming a circular frequency p and the displacement curve to be given by 
y ** y sin pt, it is clear that the instantaneous values of the potential 
and kinetic energies, which will depend upon the displacement curve assign­
ed, will involve the as yet unknown circular frequency p, only through the 
factors sin2pt and p2 cos2 pt*
z
Assuming T] = ~  , the mean strain and kinetic energies of the beam
/'" ts become 
P
averaged over a period
1
V = 14
Elxx / i t )
' dn2 *
dr]
0
and T a
0
1
4g
2 , 2 
P pA„ yZt dr|
Hence V will be independent of p and T will be of the form p2!!, where U
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is also independent of p. The application of the energy method then gives 
V « p^U
that is
or
2 V 
P - y
.1
dr)
,2.2
2.3
o
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Rayleigh’s work in this field is the conversion of the energy
method into a practical tool of rapid, approximate calculation* The 
Rayleigh’s principle may be stated as follows: mode 'o'f
vibration of an elastic system, the distribution of kinetic and potential 
energies is such as to make the frequency a minimum.
The frequency of vibration of a system constrained to give an 
assumed displacement curve can be calculated from the energy method. 
Rayleigh’s principle then asserts that this frequency of the constrained 
mode cannot be less than the fundamental frequency of the system. More­
over, the fundamental frequency is a true minimum in the sense that small 
variations in the amplitudes from their values in the fundamental mode 
produce variations in the frequency which are of the second order of 
smallness.
It is only necessary to obtain, by observation or intuition, 
a moderately accurate representation of the displacement curve of vibration 
in the fundamental mode. These displacement curves really correspond to a 
constrained mode, and the frequency of this constrained mode can be 
determined at once by the energy method. The frequency thus obtained 
cannot be less than the fundamental frequency, and the approximation will 
be much closer than the approximation of the assumed displacement curve 
to the true displacement curve*
Rayleigh’s own approach in solving vibration problems was to
choose a deflection curve with an adjustable constant, and calculate the
value of the constant which made the frequency a minimum. In solving the
problem of vibrating strings he took a displacement curve y proportional to 
n
1 -(—*) where n is the adjustable constant, and by varying the value of n 
he obtained (Y6+l)/2 to be the value of n that gave the minimum value for 
frequency.
For a uniform cross-section beam, the static deflection curve is
often assumed to be a close approximation to the true deflection curve in
the fundamental mode of vibration. Using tie static deflection curve for a
4 3 2uniform beam in the non-dimensional form, namely, y ** k (tj - 4rj + )
where k is a constantthe frequency parameter obtained from equation 2,3 
is shown in table 2,5*
2,1,3 Rayleigh-Ritz Method
Ritz extended the Rayleigh’s principle to include more than one 
adjustable variable by considering the deflection curve to be made up of 
a linear combination of admissible functions, namely:
>  -  J 2  <r.)
i=l
where (^i^ l* 2, ,««,n) are constants and
JMn> are functions of T] that are approximations to the displacement
curve.
Substituting for y in equation 2,3 the frequency parameter X
is given by
X « 0
jf a.a. 0 (r\) dz
i=l j=l V
1
/■ n " n '
21 21 0i(n) &(*)) dz
i=1 -Ti ^  1 J
0
• 2,4
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The coefficients c^, a2 ’ <*3...... an are chosen so that X becoraes a mini­
mum. Consequently, o^, <*2  <Xn can be determined by the system of
equations
=0, i = 1, 2, 3, ••••, n .*•••*•••••* 2*5
o tt •X
Completing the limiting process by letting n — , we shall obtain a 
limit function
y = J E  ®4 W  >
i=l
provided this series converges* In practice, it is sufficient to con­
sider the first n terms of the series to obtain a close approximation to 
frequency parameters of a beam provided the is suitably selected.
The first few frequency parameters of a beam using a polynomial 
of the form
n
y *5 a. t)* . . * • • • • • • • » • . . . 2 . 6
i=2 1
is shown in table 2*5*
2*1*4 Myklestad Method
A general method for the solution of natural frequencies of
vibration of variable or non-variable stiffness structures was developed
11 6lindependently by Myklestad and Prohl , Since its introduction in 
1944 the method has been extended to include coupled bending vibrations*
The beam is divided into an arbitrary number of weightless length, 
the flexural rigidity being considered constant over each length. The 
total mass of the beam is assumed concentrated at the junction of each of 
the lengths. Assuming that the beam is forced to vibrate harmonically at 
a frequency p, an arbitrary length may be considered in its position of 
maximum deflection. Referring to Fig* 2.1 the conditions of equilibrium
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to this length gives
V . = V + m , p y ,  r+l r r+1 r+1
M , * M - V Lr+1 r r r
2.7
2.8
and the geometry of the element gives 
**r+l - * r " Vr V  t M r * H 2.9
y , - y - 0 l + v ' y_Jr+1 r r r r 'P
M v r 'M
2.10
r r
(The symbols used are explained in Fig. 2.1).
The method is adaptable to tabular confutation although a 
calculating machine is desirable for accuracy and a computer is desirable 
for speed of solution#
Starting from the free end of the beam where two boundary 
conditions as known, the station functions (V, M, y) of a length is 
expressed in terms of the preceding length until the other end of the beam 
is reached. At the other end two boundary conditions must be satisfied.
One of the conditions may be satisfied by the correct choice of 0, while 
the other may be satisfied at a natural frequency of vibration. By plotting 
the latter boundary condition as a function of p, the natural frequencies 
of vibration can be determined.
A matrix approach may be adopted instead of the tabulation proce­
dure. Substituting from equation 2.10 for yr+  ^into equation 2.7, the 
station functions at r+1 may be expressed in terms of the function at r in 
the form of the matrix equation
vr+1
1 TUI 21+ M , p Y_ 
r+1 * 'P
r
2
-Y.. M , p 'M r+1 
r
-L M ,p2 
r r+1 Mr+lP
V
r
Mr+1
-L
r
1 0 0 M
r
^r+1 u
i
“m
r 1 0 0r .
yr+i
*
•*p 
_ r r
-L
r
1 yr_
• 2.11
i
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The shear, moment, slope and deflection at r+1 are now in terns of corres­
ponding quantities at r, and the quantities in the square matrix are all in 
terms of mass, length, and stiffness of the section for any chosen frequen­
cy p* Having determined the square matrix for each section the quantities 
at r may be replaced by quantities at r-1 etc*, the final equation becoming
V ~ 
n « u q12 qX3 qlk
Mn q22 q23 *24
K q3l q32 q33 134
> 1 %2 %3 q44
VO
Mo
*
The square matrix of equation 2*12 is obtained by multiplying all the 
square matrices of the form shown in equation 2.11.
For the cantilever beam with free and fixed ends at 0 and n, 
respectively, the boundary conditions become
q33 0o + °-3k yo "
%3 *o + q44 yo
o
o
In order to have a non trivial solution to the above simultaneous equation 
the determinant
33 
q43
must vanish.
134
q44
2.13
The numerical computation can be carried out by repeatedly 
assuming values of frequency and evaluating the determinant until a zero 
is obtained. The value of frequencies for which the determinant vanishes 
gives the frequencies of vibration of the beam.
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2,1.5 Stodola Method - Mode Iteration
Stodola*s expression for the equation of motion depends on the 
assumption that the dynamic deflection curve at a principal mode of 
vibration is proportional to the static deflection curve at each point*
The dynamic loading is taken as the inertia load on the beam*
The equation of motion may be expressed in terms of influence 
coefficients a..* An influence coefficient is defined as the deflection 
at i due to a Aload at j.
The system, vibrating at one of its principal modes at a constant.
circular frequency p, is acted upon by inertia forces - m. y\ where
2 1 1 
- m. y. = ra. p y. for each mass, and y. is the deflection of m. ati i i i i i
position The deflection equation may be written in the form:
-—
yl qil mi qi2 m2 q13 ni ... qln m 3 n
yi
y2 *21 ml q22 V q23 m3
..
1
2
= p '
qil ni * * • * - - . . . . .
yn qnl “l. qn2 m2 - -
q- nn ra 
n yn
The matrix operation may be initiated by assuming a value of unity for each 
deflection term in the right hand column* The resulting column on the left 
hand side may be normalized by dividing each term in the column by any one 
of the terms* This is used as the next value on the right hand column and 
a new left hand column is obtained* This iteration is continued until the 
two columns are nearly equal, and the solution of the matrix equation 2.14 
gives the value of p.
Higher modes are obtained by iteration on a function that is 
orthogonal to the lower modes*
13Slyper used a slightly different approach in that he assumed S.
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that a function 0 may be written as the sum of the natural modes of the 
beam
0 = 0^ + Ag 02 + A3 0^  + . . . .  + A^ 0^  +
where 0 , 0O, 0O • • • 0 are the modal curves at peak amplitudes for the 
1 2  3 ^
critical frequencies indicated by the subscripts and A , A , A , •••1 « r
are corresponding fractions. For an arbitrary unit frequency the effective 
inertia loading becomes
0 a A m 0 + A m  0 + . . . . .+ A m 0 + » • «JL 1 el & r r
2
The peak deflection curve for loading ra p^ 0^ is 0^ and therefore by 
proportion a loading A^ ra 0^ would produce a beam deflection of A * 
Consequently, a loading of y. 0 would produce a derived deflection curve 
after integration of ^0 where
0 "= A1 ^1 A2^2 Ar^r
 2~ +  2 + **** +  2 +
P1 p2 pr
The prefix in r 0 indicates that it is the first derived deflection curve
f
of 0.
'tilRepetition of the process to obtain the n derived deflection 
curve using the previously derived curve as the initial curve for integra­
tion gives
. 2n 2n 2n
/= wl;) y 3+ - +Gr) AA  *••••
Since p < p <....<© with increasing number of iterations n, the
A. 0function 0 tends to 1 1  , and hence p — s- #
pi
The higher modes are obtained by using starting values of $ 
that are orthogonal to the lower modes alfeady determined.
2.1.6 Finite Difference Method
This method mainly involves the solution of the differential 
equation of motion by reducing it to linear simultaneous algebraic equa­
tions. The equation of motion is applicable at any section along the length 
of the beam with special conditions at the aids of the beam. Considering a 
beam to be divided into n equal length, bounded by n+1 points equally 
spaced from the fixed end to the free end and at a typical point on the 
beam the differential equation of motion for that point is replaced by 
the corresponding finite differences for the derivatives given in Appendix 
VIII* Since the equation of motion of the beam consists of fourth deriva­
tives, the finite difference relationship would be in terms of the ordinates 
of five adjacent points two on either side of the point under consideration. 
The equations would then be linear algebraic equations containing ordinates 
of five adjacent points.
Since there are n+1 points on the beam there would be n+1 linear 
equations, but at the fixed end the equation of motion does not refer to the 
vibration, but to a static condition in that the deflection is zero at that 
end. Ignoring this equation the resulting n equations contain unknowns of 
ordinates at n+4 points, two unwanted points outside the beam at each end 
of the beam. The four ordinates at the four unwanted points are eliminated 
from the four boundary conditions satisfied by the equation of motion. The 
resultihg n simultaneous equations contain n unknown ordinates and the 
frequency parameter. These equations can be expressed in a matrix form to 
give an eigenvalue problem. The eigenvalues and their corresponding eigen­
vectors give the frequency parameters and their corresponding mode shapes 
of vibration, respectively, of the beam.
The accuracy of the result would depend on the number of points 
selected on the beam. The larger the number the closer the results would 
be to the exact solution of the differential equation. The accuracy of 
the result can be inproved by the extrapolation procedure as derived in 
Appendix VIII.
The application of the finite difference method is illustrated 
by considering the vibration of a uniform cross-section beam*
The equation of motion of vibration of auniform beam as given 
in equation 2.1 is
y f t t !  -  \ y  =  0
The boundary conditions satisfied by this equation for a cantilevered beam 
are
at T) = 0 y «= 0 and y’ « 0,
at t) a 1 y,!= 0 and yv * = 0 2 .1 5
Transformation bf the differential equation 
into linear simultaneous equations
Considering the range of the equation O £ rj & 1 to be divided
into n equal steps of step length ~  ) the equation 2.1 at any arbitrary
distance r] = rh, where ;1 < r < n is given by
2.16
The boundary conditions give
y.o 0 and y
and at r) » 1
2 .1 7
Assigning values of r from 1 to n and using the boundary 
conditions in equation 2.17 the n simultaneous equations expressed as
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a matrix equation becomes:
  2.18
The eigenvalues of the matrix are obtained by the iterative procedure 
and their corresponding eigenvectors are obtained by a back substitution 
procedure shown in Appendix VII.
2.1.6*1 Step Length
In order to study the effect of steplength on the results, an 
initial investigation is carried out on a beam whose exact frequency para­
meters are known. Since there are no exact results available for tapered 
beams, it was thought best to compare the results for a uniform beam obtain­
ed by the finite difference method with the exact solutions given by Young 
and Felgar^ •
The equation 2il is repeatedly solved for the frequency para­
meters and their corresponding mode shapes by using different step lengths* 
The results obtained for frequency parameters are shown in Table 2.1 while 
the corresponding mode shapes are shown in Table 2.4.
It is noticed that the frequency parameters and mode shapes
approach the exact values as the steplength becomes smaller* In order to 
get the exact value it may be necessary to take an infinitessimally small 
step length which in turn will increase the order of matrices beyond the 
capacity of any computer*
The frequency parameters obtained by using different step 
lengths are plotted against the squares of the step lengths. Figs. 2.2 
and 2.3 show the plots of the frequency parameters of the third and fourth 
modes of vibration cf a uniform beam.
The graphs indicate that a prediction of the exact frequency can
be made by extrapolating the plots of the frequency parameter to cut the
axis of zero step length.
A similar graph can be plotted for the deflection at any point
on the beam against the square of steplengths, and a more accurate value
of the deflection at that point predicted,
A more mathematical approach can be made to predict a more 
accurate result from the results obtained from several steplengths, using 
the relationships derived in Appendix VIII*
2.1.6.2 Extrapolation of Results
The use of small steplengths in the finite difference method 
increases the size of the matrix required to be solved as the order n of 
the matrix is given by n s ~ , In order to avoid the need of using
extremely large order matrices, the extrapolation procedure derived in 
Appendix VIII is used to obtain a more accurate result by using only 
relatively small order matrices. Use of large order matrices introduces 
large round off errors by the computer. The errors introduced by the 
round off may sometimes be more than the truncation errors in the finite 
difference relationship. Hence it is desirable to keep the order of 
matrix small in order to minimise the round off errors especially for 
louet modes*
The frequency parameters obtained by extrapolating from three 
different values of steplengths for a uniform beam are shown in Table 2*2.
The frequency parameters obtained for the first mode by extra­
polating from values obtained by different order matrices shows that the 
round off errors introduced by the computer is larger than the truncation 
error in the finite difference relationships. In this case it is only 
necessary to consider smaller order matrices and a better result can be 
obtained by extrapolating from these results* The percentage of errors 
based on the exact values are shown in Table 2.3 for frequency parameters 
extrapolated from three different values*
r..ii
—r —--------------—-
FREQUENCY PARAMETERS
Model Exact 
! Value n a 10 n ..«• 15 n « 20 n *  30
1 12.3623 12.1557 12.2557 12.3014 12.3106
2 485*518 . 446.626-. 467 .547 475.267.* 4 80 .88 0
3 3806.546 3203.859 : 3518.574. 3640 .194 3 7 3 1 .119<
. 4 14617.273 10924.681 12784*290 13541.994 14125.279
5 f39943.831 25786.570
.
32623.234  . ' 35575.32 37914.248 /
TABLE 2.1
Frequency Parameters of a Uniform Beam Using Various Step Lengths
M0D$ FREQUENCY PARAMETER
NO. Exact Extrapolated from N t
Value 1 0 , 1 5 ,20 1 0 , 2 0 ,3 0 1 5 , 2 0 ,3 0
1 12.362 12.368 12*313 12.308
2
.
485 .518 485.497 485 .440 485*434 i
3 3806*546 3805.295 3806 .156 3806.295  !
4 14617.273 14597.567 14614.100 14617.145 j
?■ 39943.831 39796.932 39906.309 39923.606
TABLE 2.2
Frequency Parameters of a Uniform Beam Extrapolated from Various
Steplengths
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MODE
PERCENTAGE OF ERROR OF FREQUENCY PARAMETERS 
* EXTRAPOLATED FROM MATRIX SIZES
NO. 10, 15, 20 10, 20, 30 15, 20, 30
1 , +0.048 -0.396 -0.436
2 -0.043 -0.016 -0.017
3 -0.0328 -0.010 -0.006
4 -0.135 -0.022
■
-0.0008
! ■ ■ 
5 -0.368 -0.093 -0.050
TABLE 2.3
Percentage Errors of Extrapolated Frequency Parameters.
MODE
NO.
m ¥ m H
RAYLEIGH j(8 Terms)
1
t
MYKLESTAD 
HOUSNER 
; (100 seg­
ments )
STODOLA
SLYPER
FINITE DIF-)
FERENCE(From EXACT 
n = 15,20,30)
1
i
12.461 j 12.362 12.361 12.362 12.308 j 12.3623 :
2 485.519 485.36 489.056 485.434 | 485o5l8&
3 j 3807.325 3804.6 3890.5719 3806.295 ] 38065462
4 j14970.381 - 15282.6461 14617.145 11461Z2733
t5
J- . 
i
1
i
- 39923.606 (3994:38318
TABLE 2.5
Comparison of frequency parameters for a uniform beam obtained from
various methods.
/
FIRST MODE SECOND MODE
n 10 20 30 10,20,30 EXACT 10 20 30 10,20,30 £
0 0 0 0 0 0 0 0 0 0
O.l .0174 •0169 • 0168 .0167 .0168 -.1 0 5 6 -.0959 -.0941 -.0926 -
0 .2 .0649 .0641 .o64o ; .0639 .0639 -.3 2 0 8 -.3 0 6 0 -.3033 -.3011
0.3 .1377 .1368 .1367 .1366 .1365 -•5484 -.5317 -.5286 -.5261
0.4 .2312 .2302 .2302 .2302 .2299 -.7057 - .6 8 9 0 -.6859 -.6834
0.5 .3408 .3399 .3398 ’ .3397 • 3395 -.7346 -.7189 -.7159 -.7134
0.6 .4622 , .46l4 .4614 •46l4 .4611 -.60 82 -.5941 -.5915 -.3894
0.7 .5918 .5911 .5911 .5911 .5909 -.3326 -.3209 -.3187 -.3169
0*8 .7261 .7256 .7256 .7256 .7255 +.0589 +.0673 +.0688 .0700
C.9 .8627 .8625 .8624 1 .8623 .8624 +.5183 .5224 +.5231 .5237
1.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 ]
TABLE 2.4
MODE SHAPES OF UNIFORM BEAM FROM VARIOUS STEi
62
2.1,7 Discussion of Results
Rayleigh’s energy method gives a very quick method of obtaining 
an estimate of the fundamental frequency of vibration of a beam. The 
frequency obtained is always greater than the true frequency. Hence this 
method can be used to give an upper bound for the frequency. However, 
there are no means of estimating the error in the calculated frequency 
except when an exact solution exists or the result is known from other 
methods of analysis. Hence this method cannot be used with confidence in 
obtaining the fundamental frequency of vibration of a beam except where 
a rough estimate of the frequency or mode shape is available from physical 
conditions of the beam.
Although this method can be extended to obtain the second mode 
frequency by removing the component of the first mode from an assumed 
deflection curve, the result would become less reliable*
The fundamental frequency parameter obtained for a uniform beam 
using a static deflection curve with uniform distributed load is shown in 
the second column of Table 2.5, the result is close to the true value 
obtained by the exact solution of the equation of motion and gives a 
percentage error of 0.802. The static deflection curve assumed is close 
to the dynamic deflection curve for this beam.
The Rayleigh-Ritz method has an advantage over the Rayleigh 
method in that the minimum frequency can be obtained by minimizing the 
frequency with respect to the undetermined coefficients in the assumed 
deflection function* A knowledge of the true deflection curves is 
advantageous in selecting a suitable deflection function. However, if 
the deflection curves are npt known then by selecting a linear combination 
of large number of functions that satisfy the boundary conditions a very 
close result for the fundamental frequency of vibration can be obtained.
The higher modes of vibration can also be obtained by selecting large\
number of functions in the deflection curve.
The Table 2.5 shows the frequency parameter obtained for the 
first four modes using a polynomial series with eight terms starting from
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a quadratic. The results obtained are very close to the exact values.
The percentage errors in the first four modes were 0.0, 0.0, 0.2, 2.4 
respectively.
Although this method is extremely powerful the accuracy of the 
result would depend on the number of terms in the assumed deflection curve 
and on the functions chosen. A number of spurious values are obtained 
in the evaluation of the frequency parameter,some of which are inadmissible 
negative values. The presence of these spurious values make this method 
unreliable. Even on using sixteen decimal places of accuracy on the 
computer, spurious results are obtained.
This method can be used to get very good approximations of the
frequencies of vibration of a beam, especially for the first two or three
modes if an estimate of the frequency can be made from the physical con-
62sideration of the beam. Georgian has come to the conclusion that the 
values are reasonable only for the first two modes of vibration of a non- 
uniform beam.
The Myklestad method is a very convenient and simple method that 
can be used for hand computation to get a reasonable accuracy. If good 
accuracy is required then the number of segments required along the length 
of the beam becomes large and the time taken to complete the calculation 
without the use of electronic computers become excessive. The method 
using the matrix form of representation is easily adaptable for electronic 
computers. However, the drawback of the method is in that the frequency 
value has to be assumed at the start of the calculation. If the value of 
the determinant in equation 2.13 does not vanish, then the calculation has 
to be repeated using a new assumed value of frequency. Although it is 
possible to use some interpolation techniques based on a few assumed fre­
quency values and their corresponding determinant values, the solution 
basically is a ’trial and error1 method. If a few of the frequencies of 
the beam exist very close to one another there is a real possibility of 
missing out some of the roots of the determinant equation 2.13.
The results obtained for the first three modes of vibration of
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a uniform cross-section beam using .100 segments along the length of the 
beam is shown in the fourth column of Table 2.5. The percentage error in 
the first three modes are -0.008, -0.033 and -0.051 respectively.
In this method the beam element in each segment is assumed to 
be of uniform flexural rigidity, while the mass was concentrated at the 
junction of the segment. In applying this method to a tapered beam, a 
very large number of segments has to be considered if the segments are 
to be assumed of uniform mean flexural rigidity. Alternatively, a tapered 
segment of variable flexural rigidity can be assumed in calculating the 
elastic coefficients of each segment. This would make the computation 
much more involved as a different matrix would be required for each 
section and a larger storage capacity would be required in the computer.
In the Stodola method of mode iteration the accuracy of the 
result obtained would depend on the number of iterations and the initial
13
value of the deflection curve. The results obtained by Slyper using 
thirty stations along the length of the beam and allowing twenty-five 
iterations per mode are shown in the fourth column of Table 2.5.
13
Slyper gives the frequency ratio based on his first mode frequency. 
Assuming the first mode was accurately determined the percentage errors 
in the second, third and fourth mode frequency parameters would be +0.727, 
+2.159 and +4.552 respectively. The accuracy of these results could be 
improved if a better initial value was used in the iteration procedure.
12Housner and Keightley used the deflection curve obtained from 
Myklestad method using 100 segments as the starting value for Stodola 
iteration and obtained a result identical to the true result in five 
iterations. This method then has the disadvantage in that a deflection 
curve has to be assumed which is a close approximation to the time deflec­
tion in order to obtain accurate frequency values. • In order to obtain 
higher modes an orthogonality relationship must be available. The use of 
the method is therefore limited.
The finite difference method is basically a method of solution 
of the differential equation of motion and can be easily applied to pro­
blems where the differential equation of motion is available* The
6 5
accuracy of the results depends on the step length used in the difference 
relationships for the derivatives*
The results of the frequency parameters obtained by using 
different step lengths and hence different number of points on the beam 
is shown in Table 2.1* The true value obtained by the algebraic solution 
of the equation is also shown in the table. It is seen that as the step 
length decreases and hence as the order of matrix increases, the frequency 
parameter is approaching the true value* The accuracy of the finite 
difference method may be improved by the use of more accurate difference 
expressions and smaller step lengths* The first method will complicate 
the boundary conditions and unless expressions of the same order of error 
are employed for both the boundary equations and the governing equations, 
spurious solutions may result* The second method will produce a large 
matrix of simultaneous equations and is limited by the capacity of the 
computer used. A variation of this is to use irregular step lengths, 
the finer portion covering an area where greater accuracy is required.
This can be achieved by transforming the independent variable and then 
using a uniform step length on the transformed equation. The frequency 
parameters obtained are lower than the true value for every mode.
An extrapolation technique used avoids this difficulty. Results 
from small order matrices could be used as approximate values to obtain an 
improved value. Table 2 .2  shows the frequency parameter values obtained 
by extrapolation from the results from different order matrices. The 
Table 2 .3  gives the percentage of errors of the results in Table 2 .2  based 
on the true results. The percentage of errors obtained by using the 
order of matrices 15j 20 and 30 respectively are lower than those obtained 
by using the order of matrices 10, 20 and 30 respectively for the third 
and higher modes. But for the first two modes the extrapolation using 
the results from the matrix orders IE), 20 and 30 gave better results* The
extrapolation formula is applied to correct die truncation error introduced 
in the finite difference relationships, but cannot take into account the 
rounding off errors in the computer. Use of large matrices introduces 
large rounding off errors in the computer as large number of arithmetic
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operations have to be carried out# Hence the use of results from a 
number of small order matrices coupled with the extrapolation formula 
gives the best result.
The extrapolation can be carried out graphically by fitting a 
curve through the points and extending it until it cuts the ordinate axis 
as shown in Figs# 2.1 and 2.2# for the third and fourth modes respectively# 
The results obtained would be extremely good especially if plotted on an 
enlarged scale#
The mode shapes of the first three modes obtained from matrix 
orders 10, 20 and 30 and extrapolated from these are compared with the 
true value in Table 2.4# As can be seen the amplitude of displacement 
is overestimated by using small order matrices and approach the true 
value as the matrix order increases. The mode shapes obtained by extra­
polation were extremely close to the true value for all the first five 
modes considered#
Due to the ease of application and the accuracy obtained by the 
finite difference method, this method is extended and applied to other 
cases studied in this thesis. Previous knowledge of the frequency or
mode shapes are not required in this'nethod.
6#
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CHAPTER 3 
TAPERED BEAMS
71
3-1 Introduction
In this chapter the characteristics in bending vibration of
beams tapered over a range of -0*75 to 1.0 of depth taper and width 
taper are investigated. The frequency parameter ratios and mode shapes 
of the first five modes; are presented.
The present investigation is divided into three sectionsr and 
the effect of each of the tapers and their combined effect on the fre­
quencies and mode shapes are studied. The first section deals with the 
vibration of beams with width taper only. The second section deals with 
the effect of depth taper and the last section considers the vibration of 
beams tapered in both width and depth.
3.2 Method of Analysis
characteristics of tapered beams. The method is as described in section 
2.1.6. Since the linear simultaneous equations obtained by the transforma­
tion of the equation of motion by the finite difference relationships 
contain coefficients dependent on the position of the section under con­
sideration, the equation at any arbitrary section can be written as
The boundary conditions for a cantilever beam in terms of the finite 
differences are
For the beam considering values of r = 1, 2, 3 •••n, the equations 3«1 
and 3<*2 can be expressed as a matrix equation.
The finite difference method is used in the analysis of vibration
r,r
3*1
3.2
ql,-l* qXl qi,2 qi3
q2,l q2,2 q2,3 q2,4
q3,l
X
q3,2 q3,3
V
X.
q3,4
\
X
'x
3»5
qn-2,n-4 n-2,n-3
qn-l,n-3 qn-l,n-2
\
\
x
<1.
\
X
, X
X\
n-2, n-2 qn-2, n-1 qr
. - a q _ hn-1,n-1 Xi-l,n+l n-l,n
o _+q _ q - 4q _ q +2cHn,n-2 Hn,n+2 n,n-l Ti,n+2 n,n
qn,n+2
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The equation 3® 3 is then solved for the eigenvalues and eigenvectors and the 
extrapolation formulae are applied as explained in section 2.1.6.
3*3 Beam Tapered in Width
A beam of width b and depth c at the root cross-section and
width a and depth c at the tip cross-section is shown in Fig. 3*1* The
beam is rigidly clamped at the root section and is free at the tip cross-
section, thus forming a cantilever. The length of the cantilever beam along 
the axis is L. The beam is vibrating in the zy plane.
The equation of motion for a free vibration of such a beam in the 
zy plane, as derived in Appendix IV is
A ( “ *  ^  )- W' V 2y = 0    3.4
dz dz g
Since the width of the beam is linearly varying from the root-
section to the tip section
Width taper p *»   * • 3*5
1 = 1  (1+prj)    3*6
XX ox
A = A (l+Brj) ............. 3*7
z o
where tj = ^7 3
Substituting for I , A and z from equations 3.6, 3 .7 and 3.8,
xx s
equation 3*^ becomes
2 .2 . 2 4
■^■C (1+N) ] - °P a +Pn) y = 0   - 3.9
dri dri 9 EIox
Simplification of the equation 3.9 gives
^.X i .Ii  ^  — Xy s 0 . . . . . . . . . . . . . . . . . .  3*
dx\ 1+pt} dr]?
wA p2l!*
*dlere *■ = ^    3.11
a OX
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The end conditions of a cantilever beam clamped at z = 0 , (t]=Q) , 
and free at 2 = L (r)=l) gives the boundary conditions that the equation 
3*10 must satisfy, namelyi
at T) a 0 y as 0 • •....... 3 .12
and In = 0 1...................... .........3,13
at T| = 1 El q y = o hence d2y = 0  •• 3«X4
a  2 , 2dr) dT)
2 ^
and l ^ ( EXx s ~ ^ )  = 0 hence ^ 3  = 0 ........3 * 15
dT) dT)J
Dividing the range 0 < t) < 1 of the equation 3*10 into n 
number of equal intervals each of step length h(= ^  ) and replacing the 
derivatives of y with their corresponding finite differences as given in
Appendix VIII the equation 3*10 at any arbitrary distance T), (*rh, where r
(1  ^  r < n) is a positive integer) transforms into a linear algebraic 
equation
4 - (  yr+2 - 4yr+I+ 6V  4yr-X+ yr-2 ) ♦ — S _  J L G W  2yr+X+2yr-X-yr-2 )
h4 1+Prh 2h
- X y “ 0 .... o..... 3•18
r
On rearranging the terms the equation 3 *16 becomes
C“\  - -y-E---- ] + [- ^ 5 + - 3 ^--- ] yr-l + %  yr
h h (l+{3rh) h ir(lprh) h
+ C- \  - - 5^ — 3 yr+1 + - 5-^— 3 yr+2 ■ *yr 3,17
h h (l+prh) h h3(X+prh)
The equation 3.17 can be written for compactness as
q «y « + q „y ,+ q y + q ,y , + q «Y r, - 3*18Hrtr-2^r-2 Tr,r-1 r-1 Hr,rJr ^r,r+l'r+l ^r,r+2^r+2 . r
where a «, a ,, q . q « are the coefficients of y 0 ,^r,r-2’ Hr,r-1* Hr,r* ur,r+l’ ^r,r+2 Jr-2'
yr-l» V  yr+X’ yr+S resP®ctively in equation 3.X7.
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Substituting values r = 1, 2, ,.,n, the equation 3*18 and using the boundary 
conditions, 3*12, 3*13* 3*1^ and 3»15 give n simultaneous linear algebraic 
equations in y , (r » 1,2, ,,,n), These equations can best be expressed as 
a matrix equation of the form of equation 3 ,3 *  This is an eigenvalue pro­
blem and by assigning three successive values of n the eigenvalues and the 
corresponding eigenvectors corresponding to the three different" order 
matrices are obtained, A better result is obtained by the extrapolation 
from these results. The frequency parameters thus obtained are expressed 
as a ratio of the frequency parameter of the first mode of vibration of a 
uniform beam. This ratio then is the square of the frequency ratio of the 
tapered beam for any mode to the frequency of the first mode of vibration 
of a uniform beam of the same root cross-section and length. The results 
of the frequency parameter ratios for the first five modes of the beam with 
different width taper as obtained by extrapohting from matrix sizes 10, 20, 
and 30 are shown in Fig, 3«2, In order to appreciate the actual variation 
in frequency parameters for various modes it is best to compare the frequen­
cy parameters of each mode of the tapered beam with the frequency parameters 
of the corresponding modes of a beam of uniform cross-section. The plot of 
the frequency parameter ratio thus obtained are shown in Fig, 3 *3 *
The mode shapes of the first five modes also obtained by 
extrapolating from matrix sizes 10, 20 and 30, are shown in Fig, 3*^* The 
deflection at sections along the length of the beam are expressed as a ratio 
of the deflection at the tip cross-section of the beam,
3,4 Beams Tapered in Depth
A beam with linear taper in depth but of constant width along 
the length L is shown in Fig, 3*5* The beam has a width of b at the root
section and at the tip section. The depth of the beam at the root section
is c while the depth of the beam at the tip section is d.
The equation for free vibration in the zy plane of the beam,
as derived in Appendix IV, is
4 ( EI** 4 ?  ) - Z j L L  - o ............  3.19
dz dz g
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Since the beam has constant width and a linear taper in depth 
along the beam
the depth taper 6 = ——  •••#••••••••••••••••# 3*20o
and I = I (l+6q)3   ...... 3*21XX ox
A *b A (1+6t)) • ••* •••«••••• 3*22z o 1     •• >
where t] » z/L *.*..o.•*♦*......... 3*23
Substituting from equation 3-20, 3.21, 3*22, 3*23 the equation 3*19 
becomes
ti
[ EI (l+6l))V ] - ~Ao (X+6t)) P2 L4y = 0o* 9
On simplification the equation becomes
(1+&T))2 y»»« + 66(l+6n) y"» + 662y” - Xy « 0 ........... 3*24
a 2t4 . wA p Lwhere X « o
gEI
ox
The end conditions of a cantilever beam at the fixed end T) = 0 
and the free end T}=1, give boundary conditions to be satisfied by the 
equation 3*24* These conditions are given in equations 3*i^i 3«*13» 3«*1^  
and 3*15*
Dividing the range 0 ^ Tjl 1 of the equation 3*19 into n equal 
intervals of step length h( =* ■—) and replacing the derivatives of y with 
their corresponding central differences as given in Appendix VIII the 
equation at any arbitrary distance T),(=rh, where 0 £ r <n is a positive 
integer) transformsto a linear algebraic equation
i- (l+6rh)2 68(l+6rb\-,y * r 4(l+6rh)2 126(l+6rh) 662 i y ,£---^-----     ] r-2 +[--------  +-  ~--- + —  J r-1
h h 2h h
r6(X+6rh)2 1262 -,.. r 4<X+6rh)2 X26(X+8rh) 6S2 ,
*C _ ? ---- — ^ r * E \ — T;----------^  I V !
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. r (l+6rh) 2 65(l+6rh)
+ [— 4—  +  ]y a 0   3*25
Yi 2h r+2 r
Substituting the values r » 0, 1» 2, 3» •*.n, the equation gives n+1
simultaneous linear equations in y^ (r a -2-1, 0 , 1, 2 , ... n+1, n+2).
This contains four unwanted values of y namely y » y - * y ,» 7 o outside-2 —1 n+1 n+2
the range of the equation. These values outside the range of the equation 
can be replaced by the values within the range of the equation by using 
the boundary conditions given in equations 3-12, 3*13, 3.14 and 3.15*
The first of the simultaneous equations, given by r a 0 , in the equation 
3*2 5, does not correspond to the vibration of the section as y^ = 0 , that 
is, the end is fixed and hence could be left out* This leaves n simulta*^  
neous equations in y^ (r=l,2,0,.n). These equations can be expressed as 
a matrix equation of the form of equation 3 .3.
For one value of depth taper 6 the five lowest eigenvalues and 
their corresponding eigenvectors are obtained by iteration as in Appendix 
VII for three successive values of n equals 10, 20, and 30 respectively* 
From these three approximate eigenvalues and eigenvectors more accurate 
eigenvalues and eigenvectors are obtained by using equations A118 and A119 
derived in Appendix VIII*
This is repeated for various values of 6 (-.75- & ~1*0)* The 
frequency parameter ratios of the first five modes are shown in Fig. 3*6* 
The frequency parameters of various modes of a tapered beam can be com­
pared with the frequency parameters of the corresponding modes of a uniform 
beam and such a plot for the first five modes of a beam with various depth 
tapers is given in Fig. 3-7* The mode shapes of the first five modes for 
various depth tapers are shown in Fig. 3•8.
3-5 Beam Tapered in Width and Depth
When a beam with linear taper both in width and depth as shown 
in Fig. 3.9 vibrates in the yy direction in the normal modes the equation 
of motion as derived in Appendix IV is
d2 ( El dj£ \ wA p2y _ 6
dz dz g
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Since the beam has linear taper both in width and depth the 
sectional properties at an arbitrary section become
a*»bWidth taper {3 = — #•••••#*•••* 0 3.27
Depth taper 6 ** •••••••••••••♦•••• 3*28
lxx “ Xox................................ 3.29
Az =* (l+pr])(l+6Ti) ........ 3.30
t) ®z/l ................ 3 .31
Substituting from equations 3*27, 3*28, 3*29» 3*30 and 3.31 
the equation 3.26 becomes
ti
4 2
C e i  (l+pri)(l+5i))3 y» ] -  wAoL  p (l+pnHl+6tl) y « 0
9
which on simplification reduces to
(l+6r))3(l+pT)) y'"» + 2 C £(1+&t))3+ 36(l+6rj)2( 1+prj) 3 y"'
+ C6(36(1+6t})2 + 662(1+{3t))(1+6t]) 3 y" - X(1+Pt}) (1+611)7 * 0
Dividing through by (1+(3t])(1+6t}) this equation becomes
(l+6n)2 y"" + S C - E i ^ l L  + 36 (1+6ri) ] y'" + 662 ] y" - Xy = O
000000000 3 .32
The end conditions of a beam fixed at the end z=0 and free at 2==L, give 
the boundary conditions the equation 3*32 must satisfy and are given in 
equations 3.12* 3-13* 3*14, and 3*15.
Dividing the range 0 - - 1 of the equation 3*32 into n number
of equal intervals of step length h (= ~) and replacing the derivatives of
y in terms of the central finite differences, the equation 3*32 at any 
arbitrary distance T), (= rh where 0 <n is a positive integer) trans­
forms into a linear algebraic equation
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v r (3(l+6rh) 35(l+6rh)
r-2  ^ ,4 .3,, 3 -*
h h (l+prh) h
v T -^(i+^rh) . 23(l+6rh) 2 66(l+6rh) 636(l+6rh) 662
+ r-11* .4 .3/. « , \ + 3 / v 2 * 2 -*h h (l+(3rh) bT (l+3rh)h h
r 6(l+6rh) 2 1236(i+6rh) 1262 „
* y- c ~ 1 F ~ ' ' " h W > '' V  1
+ v r -kd+Srh)2 23(l+6rh) 2 66(l+6rh) 636(l+6rh) 662 _
r*-i. 1 L /. o O O
r+1 h4 h3(l+3rh) h3 h2(l+3rh) h2
* ■ » .....h h'(l+3rh) h
Assigning various values of r (=1, 2, 3i *.*n) and using the 
boundary conditions of the equations 3*33 given in equations 3*i2, 3*i3i 
3*14 and 3*15 a matrix equation of the form of the equation 3*3 is obtained.
The eigenvalues and eigenvectors are obtained as in Appendix 
VII. From three successive values of n (= 10, 20,30) three approximations 
of eigenvalues and eigenvectors are obtained and from these values a more 
accurate result is obtained by the extrapolation formulae A.118 and A.119*
The eigenvalues and eigenvectors for various depth and width ‘ 
taper combinations are shown in Figs. 3*10 and 3*12 and the ratios of the 
frequency parameters of a tapered beam to the corresponding mode of a uni­
form beam are shown in Figs. 3*li an<^  3*i3» The mode shapes of the first 
five modes obtained for beams with different width and depth tapers are 
shown in Figs. 3*i^ i° 3*i7*
TABLE 3«1
Comparison of XR - obtained from equations 3*32
0 ,0  
and 3*34
SECOND MODE
6 X-*5,0
\>,o
*  ^0,0
X0,0
X-.5,6 | 
X
0,0
from Eqn.3.32
X _ _ X e
“ j? 5 ,0  _ o a6
X X,
0,0 ’oo
from Eqn. 3.34*
-0.75 1.1390 o;539i 0.6140 0.6140
-0 .5 0 0.6908 O .7867 0.7868
-0 .25 0.8447 0.9614 0.9621
0 1.0000 1.1390 1.1390
0.25 1.1564 1.3180 1.3172
0 .5 0 - 1.3150 1.5005 1.4978
0.75 1.4762 I.6863 1.6815
1.00 1.6404 I.8767 1.8684
THIRD MODE
-0.75 1.04924 0.3942 0.4187 0.4137
-0.5 O .5867 0.6197 O .6156
-0 .25 0.7880 0.8291 0.8268
0 1.0000 1.0492 1.0492
0.25 1.2334 1.2804 1.2835
0 .5 0 1.4580 1.5229 1.5298
0.75 1.7041 1.7773 1.7880
1.00 1.9616 2.0429 2.0582
*
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TABLE 3.2
Comparison of Mode shapes obtained from Equations 3*32
and 3.36  
THIRD MODE ft a -.5 , 6 « -.5
| n y- . 5 . - . 5  " y- .5 * 0 #yO ,- .5
__ yo ,o ...
y- * 5 i  - . 5
1
i - 1 0.08601 0.08611
i * 2
0.26283 0.26337
.3 0.38913 0.39145
.4 O.33972 0.34735
.5 0.11739 0.09519
.6 -0 .25574 - 0.26124
.7 -0 .48854 -0.49348
.8 -0.34995 -0 .36340
.9 +0.19840 +0.19819
1 .0 +1.00000 +1.00000
. ..............................................
THIRD MODE ft =* - .5 *  6 = +0..5
tj y- . 5 , . 5  “ y- . 5 , 0  y0+.5 y- . 5 ,  .5
yo ,o
.1 0.25365 0.25356
.2 0.6X993 0.61869
.3 0.69757 O.69368
.4 0.39761 O.38827
.5 -0.07811 -0.11731
.6 -0 .53236 -0.52708
.7 -0.61288 -0 .60742
.8 -0.30596 - 0.29658
.9 +0.30718 +O.29765
1 .0 +1.00000
;
+1.00000
I
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3.6 Discussion of Results
3.6.1 Introduction
The theoretical results presented consist of frequency para­
meters for the first five inodes of vibration and their corresponding 
mode shapes# The discussion is divided intodiree parts consisting of beam 
tapered in width, beam tapered in depth, and beam tapered both in width and 
depth# The idea that the frequencies and modeshapes of a beam tapered 
both in width and depth can be obtained from the results of beams tapered 
in width only and tapered in depth only is discussed in detail. The 
results obtained by other investigators are compared with the author*s 
results#
The beams are tapered over a wide range from -0#75 to 1*0 and 
results are obtained for tapers in the interval for increment of 0.25#
Only a selected range of results are presented especially for mode shapes.
3*6*2 Vibration of Beams Tapered in Width Only
Beams of constant depth but with varying width taper are subjected 
to vibration in the direction of depth (yy axis)# Since the cross-sections 
of the beam are symmetric about the yy and xx axes, the beam executes 
motion in the yy axis indpendent of motion in the xx axis#
Plots of the frequency parameter ratios against the width taper 
for the first five modes are shown in Fig* 3*2# The frequency parameter 
ratio is defined as the ratio of the frequency parameter of a tapered beam 
to the fundamental frequency parameter of a uniform cross-section beam of 
the sane root cross-section. This has the advantage that the results 
presented can be applied to beams of different root cross-sections as long 
as the cross-section is symmetric about yy and xx axes,
It is seen from the plot that the frequency parameter ratio de­
creases as the width taper increases. For a beam of constant depth and of 
a given width at the root cross-section, the frequency of vibration de­
creases as the width at the tip section increases# This is true for the 
first five modes that were investigated.
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19The frequency parameter ratios obtained by Martin for the
first five modes are also shown in Fig, 3*2, There is close agreement
between the two results over a small range of taper between -0.25 and 0,25. 
19Martin assumed that the frequency parameter can be expressed as an 
infinite series of the form
where is a constant and in calculating X along the lines of
calculus of perturbation the series was limited to the order of n=2. Hence 
his results are valid only for small values width taper (3*
9
The results presented for the first mode by Rao agree with the 
> author’s results and are shown in Fig*
The effect of width taper on the frequency parameter decreases 
as the mode order increases* This can be easily appreciated if the fre­
quency parameter of a tapered beam for any mode is compared with the fre­
quency parameter of the corresponding mode of a uniform beam of the same 
root cross-section. Such a plot is shown in Fig, 3»3* The ratio of the 
frequency parameter of a tapered beam to the frequency parameter of the 
corresponding mode of a uniform beam is greater than unity for negative 
width tapers and less than unity for positive width tapers. This ratio is 
more markedly affected by depth taper, for negative taper than for positive 
tapers. The effect is seen to be more for the lower modes of vibration 
than for the higher modes of vibration. For the fifth mode of vibration 
this ratio tends to approach unity for both positive and negative width 
tapers.
Although the frequency parameter of vibration does not alter 
appreciably with width taper for higher modes, there is a marked effect 
on the dynamic deflection curve as the taper changes. The mode shapes 
of the first five modes are shown in Fig. 3«^» As the width taper in­
creases the relative amplitude of deflection increases. The relative 
amplitude is defined as the ratio of amplitude of the deflection at any 
section to the amplitude of deflection at the tip section, or as the 
amplitude of the deflection curve scaled such that the tip amplitude is 
unity. The nodal position for any one mode does not alter appreciably
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with changes in the taper. The mode shapes of fourth and fifth mode 
show that there is no change at all in the nodal positions with change in 
width taper.
The dynamic stresses in a beam depend on the mode shape of 
vibration. Assuming the tip deflection to be unity, the magnitude of the 
amplitude at any other section is found to increase as the width taper 
increases. As the nodal position of the elastic curve does not alter 
appreciably, the increase in amplitude produces an increase in curvature, 
which in turn increases the bending moment and the resulting stresses in 
the beam.
3.6.3 Vibration of Beams Tapered in Depth Only
The first five modes of beams of constant width with varying 
depth tapers vibrating in the yy direction are investigated. The frequen­
cy parameter ratios plotted against depth taper for the first five modes 
are given in Fig. 3*6. As the cross-sections of the beams are symmetric 
about xx and yy axes the beam vibrates in the yy direction without any 
motion in the xx direction* Hence the amplitude of vibration is only in 
the zy plane.
The frequency parameter ratio of the first mode decreases as the 
depth taper increases* The change in frequency parameter with depth taper 
is more marked for negative values of taper than for positive values of 
taper.
19
The results obtained by Martin as shown in Fig. 3»&i agree
with the author’s results only for a small range of taper near zero. This
difference is due to approximating an infinite series expansion of X in
19 9
terms of depth taper 6 in the analysis by Martin . Rao obtained the 
frequency parameter of the first mode for negative values of depth taper 
using the Galerkin technique. The results thus obtained are higher than 
the author’s results. The results obtained by Galerkin's technique would 
always give a higher bound as the additional restraint introduced by 
assuming an elastic curve tends to increase the strain energy of the 
system.
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For the second and higher modes the frequency parameter ratio 
increases as depth taper increases* This increase becomes more marked 
as the order of mode increases. This can be easily seen from Fig* 3«7i 
where the frequency parameters are compared to the frequency parameters 
of the corresponding mode of a uniform beam of the same root cross-section. 
The frequency parameter of beams with negative values of depth taper are 
greater than those of a uniform beam for the first mode and less than those 
of a uniform beam for second and subsequent higher modes, while the con- - 
verse is true for positive values of depth taper. As the depth taper 
becomes large the effect on the frequency parameter ratio becomes more 
appreciable especially for higher modes.
The mode shapes of the first five modes of vibration of beams 
with different depth tapers are given in Fig. 3*8. It can be seen that 
the relative amplitude of any section increases with depth taper. This 
is seen to be true for all the five modes investigated. The relative 
amplitude is less than that of a uniform beam for negative values of depth 
taper and greater than that of a uniform beam for positive values of depth 
taper. The position of the node is shifted towards the root as the 
depth taper increases. This causes a decrease in the wavelength and an 
increase in curvature* As the depth taper increases the amplitude and 
curvature increase, giving rise to increased bending moment and stresses 
in the beam.
3.6.4 Vibration of Beams Tapered in Width and Depth
The beams considered have taper both in depth and width* The 
beams are assumed to be vibrating in the direction of the depth. Since 
the beam cross-sections are symmetrical about both xx and yy axes the 
beams vibrate independently in the xx and yy directions. The vibration of 
the beam in the direction of widthr that is, in the xx-direction, is 
governed by the same equations as the vibration in the yy-direction, except 
that the depth and the width are interchanged. Hence it is only necess­
ary to consider the vibration in the yy direction and the vibration in the 
xx direction can be deduced from these results by a suitable choice of 
depth and width tapers*
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The frequency parameter ratios of the first five modes plotted 
against width taper are shown in Fig. 3.10. The frequency parameter 
ratio decreases as the width taper increases. The effect of width taper 
on the frequency parameter decreases as the mode order increases. 
Furthermore, the width taper less than zero has more effect on frequency
parameter than the width taper greater than zero. A beam of depth
taper -0.75 gives a percentage change in frequency parameter of 96, 29 .5 ? 
10, 5» 3 for the first five modes respectively for a width taper of -0.75»' 
while for a width taper of 1.0 the changes are -30.4, -12, -3*8, -1.5 r 
-1.0 for the first five modes respectively, when compared to a width taper 
of zero.
The plots of frequency parameter ratios for each mode are 
very similar to those of Fig. 3*2 where the depth taper was zero and width
taper varied over a wide range.
This can better be seen from Fig. 3»H where the ratios of X of 
a beam tapered both in depth and width to the X of a beam tapered in depth 
only are plotted against the width taper. The first mode gives distinct
plots for each depth taper. When compared to a beam with zero depth
taper, that is, compared to Fig. 3*2, the variation in X for a depth taper 
+1*0 is 10 percent for a width taper of -0.75 and -5 percent for a width 
taper of 1.0. For the second and higher modes the plots for various
depth tapers coincide. Hence the variation of frequency parameter of a
beam tapered in depth and width can be predicted from Fig. 3.2, which is a 
plot of frequency parameter ratio of a beam with zero depth taper, pro­
vided the X for a beam with zero width taper and with a given depth taper 
is known. The frequency parameters of beams with zero width taper are 
given in Fig. 3 .8 for various depth tapers.
The frequency parameter ratios plotted against depth taper for 
various width tapers are shown in Fig. 3*12. For the first mode the 
frequency parameter ratio X/^ decreases as the depth taper increases for 
all width tapers. But for the second and subsequent higher modes X/^ 
increases as the depth taper increases for all width tapers. This ° 
increase becomes more rapid as the mode order increases.
87
The plots of frequency parameters in Fig. 3.12 show a similar 
variation as that given in Fig. 3.6. This can be easily seen from the 
Fig. 3*13 where the ratio of Xft -/ X is plotted against the depth taper*PjO p»0
The first mode gives a maximum variation in X^ X^ Q of + 8% at -0*75
depth taper for the range of width tapers (3 (-0.75 < P 5 1.0) considered.
For the second and subsequent higher modes the variation in XQ *./ X_ _ isp,o [3,0
less than 0.5% and is not shown on the plot as the round off errors in the 
computer calculation may be of the same order. The plots for the second 
and higher modes are identical to that given in Fig. 3*7*
Hence the frequency parameters of beams tapered in depth and 
width can be predicted from Fig. 3*7 which gives the ratio of X of beams 
tapered in depth only to the X of the corresponding mode of a uniform 
beam, provided the frequency parameters of beam for zero depth taper but 
of given width taper, are known. The latter is given in Fig. 3*3* That 
is, if the frequency parameters of beams tapered only in width and the 
frequency parameters of beams tapered only in depth are known, it is 
possible to obtain the frequency parameters of beams of any width and 
depth taper. Hence starting from Figs. 3*3 and 3*7» Figs. 3*11 and 3*13 
can be compiled.
This result can be expressed in a more mathematical form which 
would then give the relationships of frequency parameters of beams of 
different types of taper. Letting X^ X^ Q, XQ  ^and X^ Q be the 
frequency parameters of beams with tapers in both width and depth, in 
width not in depth, in depth not in width, and in neither width nor 
depth, the relationship for every mode can be stated as
32i£  . , o t
0,0
Table 3.1 compares the values of (3,6 obtained by the solution
x 0
of equation 3*32 with those compiled by equatxdn 3*34 from the results 
obtained by the solutions of equations 3*10 and 3*24. That is, it is the 
comparison of the results in Figs. 3*H or 3*13 with those compiled from 
Figs. 3 .3 and 3.7.
^0 ,0 \>,0
where o is a small error.
I
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From the results in columns 3 and 4 of Table 3«I At As seen 
that the maximum difference between the results shown is less than 1%» 
Hence the frequency parameters of beams tapered both in depth and width 
can be predicted from the frequency parameters of beams tapered in width 
only and in depth only.
The relative displacement at any point of the dynamic curve for 
any mode increases as the depth taper increases for any given depth taper. 
This can be seen from Figs. 3«l4 and 3-15* Fig. 3*14 gives the mode 
shapes of a beam with width taper of -0*5 and various depth tapers, for 
the first five modes. In all these mode shapes as the depth taper 
increases the relative displacement at any point increases. There is 
also a shift towards the root section in the positions of maximum dis­
placement and the nodal position with increase in depth taper. This 
behaviour is similar to the one noticed in Fig. 3*8* Fig. 3*15 shows the 
mode shapes of beams with 0 .5 width taper and various depth tapers.
Since the width taper is very much greater than that of beams referred 
to in Fig. 3»l4, the relative amplitude is greater than that in Fig* 3*1^* 
However, a similar increase in relative amplitude is noticed with increase 
in. depth taper as for a beam with width taper of -0.5- Also there is a 
shift towards the root section in the positions of maximum amplitude and 
nodes ,with increase of depth taper. This is true for beams with any 
width taper.
Mode shapes of beams with constant depth taper but with various 
width tapers are shown in Figs. 3*16 and 3*17» Fig. 3*16 shows the 
first five modes of beams with depth taper -0 .5 and width tapers varying 
between -0.75 and 1.0. As width taper increases the relative amplitude 
increases but not as much as in Figs. 3-14 and 3»15» That is the effect 
of width taper on mode shape is not as marked as that of depth taper. The 
positions of maximum relative amplitude do not alter with change in 
width taper. There is very little change in the positions of nodes with 
increase in width taper. The change noticed in the position of nodes is 
a shift by a very small amount away from the root section. This is very 
similar to the characteristics noticed in Fig. 3.4. The increase in 
the magnitude of the maximum displacement with no appreciable change in
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the nodal positions would result in increased bending moments and stresses.
Fig. 3*17 gives the first f|tre modes of beams with depth taper of 
0.5 and width tapers varying between -0.75 and 1.0. The relative ampli­
tudes are greater than that of Fig. 3*16 as the depth taper is greater 
than that of beams referred to in the figure. The relative amplitude 
increases with width taper as seen for a beam of depth taper -0*5*
The mode shape of a beam with both depth and width tapers can 
be predicted from the mode shapes of beams with taper in width only, 
taper in depth only and taper neither in depth nor width. Letting yR
p
y0 y k *  yrt n be the relative amplitude at a section along beams withp ^ 0 0 f 0 0 j 0
taper in depth and width,with taper in width only, with taper in depth 
only, with taper neither in depth nor width respectively, a relationship 
for any mode can be written as
I ° £ +C ............ 3.35
y0,0 yo,o yo,o
where G is a small error. Assuming the error to be negligible the equa­
tion can be rewritten as
yp,6 “ frxOjdgift  3.36
yo,o
y , ya , y . and y - are obtained by the solutions of equations 2.4,UjU p jU UjO p ^ o
3.10, 3*24 and 3*32 respectively. These solutions are given in Table 
2.2 and figs. 3*^> 3*8, and 3*1^ to 3*17 respectively.
Table 3*2 compares the mode shpaes of beams tapered both in 
width and depth obtained by the solution of equation 3*32 with those 
compiled by using equation 3*3^ from the knowledge of mode shapes of beams 
tapered in width only and in depth only.
There is close agreement between the results in the second and 
third columns of Table 3*2, hence confirming the validity of equation 3*3^ 
and the assumption that the small error g  Is negligible.
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A similar agreement is observed in the values ofthe first 
five modes of beams with different combination of depth and width tapers. 
All those results are not tabulated but only a representative sample is 
shown in Table 3*2,
\FIG* 3.1 BEAM TAPERED IN WIDTH
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BEAM TAPERED IN DEPTH
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FIGs 3*9 BEAM TAPERED IN WIDTH AND DEPTH
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CHAPTER 4 
COUPLED BENDING-BENDING VIBRATION
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4*1 Introduction
The vibration of a pretwisted beam with rectangular cross- 
section is a complex one. The beam under consideration is assumed to be 
linearly pretwisted about its centroidal axis. The term pretwist is used 
to differentiate from the twist in a beam due to torsional vibration.
As the orientation of the principal axes change with length, due 
to pretwist, the dynamic displacements are best expressed with reference to 
the fixed axes xx and yy. Since the principal axes of the cross-sections 
along the length of the beam do not coincide with the xx or yy axes, the 
beam will deflect simultaneously in the xx and yy directions under 
vibration, giving components of mode shapes along the xx and yy directionsc 
The beam is then said to execute coupled bending-bending vibration.
The coupling of bending-bending vibration noticed in pretwisted 
uniform rectangular cross-section beam is due to the fact that the unequal 
width and depth introduces different flexural rigidities about the two 
principal axes of the cross-section. Such a beam with no pretwist has 
two independent frequencies of vibration about its principal axes which 
are dependent on the width to depth ratio of the cross-section. In order 
to investigate the effect of taper on the coupled bending-bending vibra­
tion, the coupling purely due to the width to depth ratio of the root 
cross-section is eliminated by selecting beams of square root cross- 
section. A beam of square cross-section has identical flexural rigidities 
about any centroidal axis in the cross-section, irrespective of the pre­
twist in the beam. Hence the pretwist has no effect on the frequencies of 
vibration of such a beam. A pretwisted beam of square root section but 
tapered in width, depth, or both width and depth, executes coupled 
vibration purely due to the presence of taper and hence the effect of 
taper on the frequency and mode shapes of vibration can easily be studied.
In the first part of this chapter the vibration of a uniform 
beam of rectangular cross-section is considered in order to develop the 
method of analysis and also to obtain an estimate of errors involved by 
comparing the results obtained with those obtained by other investigators.
150
In the second part of this chapter the beams are all considered 
to be of square root section and subjected to various width tapers in the
The frequency parameter ratios and mode shapes are presented for various 
values of taper and pretwist*
pn the vibration of a £>retwisted beam of square root section is investiga­
ted*
root section combined with taper on the vibration of pretwisted beams is 
considered* The frequency parameter ratios of beams with root width to 
depth ratio between 1 and 10 and various tapers and pretwist are presented*
4*2 Uniform Beams
The equations of motion of a cantilever beam of uniform rectangu­
lar cross-sections along the length of the beam and linearly pretwisted 
are given in equations A,73 and A*74 of Appendix IV* These when ex­
pressed in non-dimensional forms and using the relationships for 1^ , I
and I given in equations A26, A28 and A 30 respectively, the equations c^y
of motion become
o orange of -0,75 and 1.0 and various pretwist angles between 0 and 90 «
In the third part the effect of both width and depth taper
In the fourth part the effect of width to depth ratio of the
1) a cos2cct) 1) sin2<xq
— Xy - 0 •••• 4*1
and
l)sin2otT]
c dq c dr) c dq
2
■2a (— -1) cos2aq1) asin2aq
- Xx =b o •••••**4*4 2
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Subject ta the end conditions
y = x = ss o at T) = O o»oo*ooo»»<»» 4*3drj dr) 1
and £ l  m £ x  m &  = £ s  m o at „ = 1 .4.4
dr] dr} di] drj
. 2 4
where T) = t* and X « ^
Ei„_'V ’
O X
4*3 Method of Analysis
Dividing the range of the equation O - T) - 1 into n number of 
equal parts of step length h ( = ~  ) and replacing the derivatives of x 
and y by their corresponding finite difference relationships given in 
Appendix VIII, and grouping like terms, the equations 4.1, 4*2, 4*3 and 
4*4 become
Qr,r-2 yr-2+ qr,r-lyr-l + ^r,ryr * Sfjr+^r+l + qr,r+2yr+2 
+ ^r,n+r-2 Xr-2+ ^r,n+r-l Xr-1+ ^r,n+r Xr+ ^r,n+r+l Xr+1+ Sr,n+r+2 Xr+2
-  Xy = 0  .............   4 .5
**
and
Si+r,r-2 yr-2+ ^n+r,r-l yr-l+ ^n+r,r yr + ^n+r,r+l yr+l + Si+r,r+2 yr+2
* Si+r,r-2 Xr-2+ ^n+r,n+r-l Xr-1+ Si+r,n+r Xr+ ^^-rjU+r+l Xr+1+ Si+r,n+r+2
■x _ - Xx ~ 0 «*««« 4.6r+2 r
Subject to conditions
yo = Xo * yl - y-l = X1 “ X-1 = ° .................. 4,7
yn+r 2yn+yn-l = y„+2“2y„-l+ 2yn+1" yn-2 = xn+l“ 2xn+ xn-l
» x  „ - 2 x  _ + 2 x  , - x 0 = 0 . ....... . 4.8n+2 n-1 n+1 n-2
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where
1 / b2 . 2 2 \ 1 / b2
q^ r__2 = — ( •*-£ sin at) + cos ctt}) j ( “  -l) asin2<xr}?
4 h~ c h e
4 ( b2 . 2 2 \ 2 , b2 ’ . 0 2 2 b2
qr r-1   4 ”  Sin aT) + COS “1) asin2ari -t—g a ("2
’ " h e  h e h e
6 ,b2 . 2 2 N 4 2.b2
qr r = “ 4 (“ 2 sin aT) + 008 aT]'  2 a (~2 “ ) cos2(XT) »
* h e  h c
4 /b2 .2 2 \ 2 , b2 , ' . ' 2 2,b2
qr r+1 “ ~4 T  sin ar) + cos aT)' ~ ) asin2ar) + —2a (—
4 h e h e  h e
1 /b2 . 2  2. ' 1 , b2 • N . 0
qr r+2 = ~4 sin at) + cos aq^+ ' asxn2ari ,
4 h c h e
, b2 ■  ^, sin2gr] _ acos2gr)
qr,n+r-2 ” qn+r.r-2 ' 2 ' * 4  ^3 ^1 ’ e h h
« , = 2 ( 4  -i)[- sin2at) ( iy + s!) + “£ 2 ^ 3
^r.n+r-l n+r,r-l v 2 'L 1 v 4 2^ 3 Js’ ’ c h h h
,2 _ . 2
q - q = ( ™  - l)(—r* + ) sin2ar]^r,n+r n+r,r x 2 A ■4 .2 }’ ’ c h h
2>
‘r.n+r+l ~~ 'hi+r.r+l "v 2 4 ,2 , „’ ’ c L h h h
Vr.„, - ,
S - ,„ +r +2 = W , r +2 = ( \  -1  ) ( ^ f  &  + S £2 |£ ffil }
c h h
i ^2 g 2 1 b2
tWr,n+r~2 “ 4 cos ar)+sin at) )+ "“0(^2 ~ *) as^n2arl ,
c h e *
4, b2 2 .2 . 2 „ 2 2 t
V r , n +r-l = ' 4 (r2 005 ar1+s:ln aT>) “ “3 ( ~  -1)“sln2“’1 “~2“ (" 7 h e  h e  h e
-1) c o s 2 cct]j
-1) c0s2at}9
2
—  -l^cos2ai>
153
2 2 
6/to 2 .2 \ 4  2/ b _
% + r  n+r " "T' “  COB a^ sln W  )+ —  a j ~ g  -1 ) cos2at] ,
’ h e  h e
2 2
3 “ “ \  (^ P cos2“1 + Sir/'ari\ +2-„f\ ---) asinSar) - " A
Ti+r,n+r+X h4 c3 / h3^c • / h \ o  /
cos2ari
2
q n s ^r(~,r cos2ar)+sin2ari) - ~  f ~ 1) asin2aTl
n+r ,n+r+2 c2 h3 1 c 1
Assigning values r = l,2,3,«.*.#n, the equations 4.5 &nd 4.6
give two sets of n simultaneous linear equations in y^ and x^. These
equations involve eight unwanted values of y and x outside the ranger r
of the equation 0 — T) — 1* These are eliminated by the end conditions 
of equations 4.7 and 4.8. The resulting 2n simultaneous equations can
then be expressed as a matrix equation (see equation 4.9 overleaf).
The equation can be for simplicity written as
[M ]{y} « X y^| where X is the eigenvalue and \yj is a
column vector giving the eigenvectors consisting of elements » 7^ •••
y^, Xg, x^» ... x^o The eigenvalues and eigenvectors are obtained by an 
iterative procedure and back substitution as in Appendix VII. Since the 
iterative process gives the dominant roots, the iteration is carried 
on the inverse of the matrix £M J , hence obtaining the lowest roots.
4.3*1 Step Length
Since the accuracy of the eigenvalues and eigenvectors would 
depend upon the value of n and hence upon the order 2n of the square 
matrix, good approximations to the true values can be obtained only by 
taking very large values of n. Large values of n would make the matrix 
too large and would make excessive storage demands on any computer. 
Furthermore, the accumulated errors from rounding off would introduce 
errors larger than those due to limiting the value of n. Hence it is 
desirable to use relatively small values of n in computing the eigenvalues 
and eigenvectors. The dependence of the eigenvalues on n is studied by 
obtaining three successive approximations of eigenvalues and eigenvectors
LT\ 
i—I
(ql+ql,2j qX,2 ql,3
**2,1 **2,2 q2,3 *2,4
q3,l q3*2 q3,3 q3,4
^-2,11-4 qn-2,n-3 qn-2,n-2 qn-2,n-l *
qn-l,n-3 qn-l,n-2 (qn-l,n-l qn-l,n+l) ^ n
/qn,n-2 + qn2n+2} ( V n - r /iqn,n+2 ! ( % ,
(V*!*! + ^ + 1,-2) qn+l,2 qn+l,3
qm3,l qn+2 j2 qn+2,3 qn+2, 4
qn+3,l qn+3*2 qn+3,3 V 3 ,4 '
- _ ~ —  - ------- -
^ ql,n+l+ ql,n-2,)
, \
3*5
+2q
2,n+l
l3i*i+l
I" qn-2,n-4
Hl,m
q2,n+2 q2,n-i 
q3, n+2 q3 , rn
qn-2,n-3 qn-2,
qn-l,n-2 (Si-l,
n+3 »5
^n - 2 , n-4 q2n-2, n-3 q2n-2, n-2 *^211-2 , n-1 q2n-2, n
1n-l,2n-3
J ^ q2 ^ - 5 +! n
i(qn+l,n+l+qn+l,n-2)
 ^ ^+2^+1
| qn+3»n+l qn+3,n+2 *n+^
_  f  ___
^ ,,q2n-2,2n-4 q2n-2,2n-3 q2n-
Si+2, n+1 n+2, n+2 ■‘n+l
S 1+1
s
q.
q2i>-l,n-3 ^ 211-1,11-2 ^2n-l1n-l"q2n-l,n+^ (q2n-l,n+2q2n-l 1n+2)j,!<q2n-l12n-3 q2n-l,2n-2 ^2i
'^ •2n1n-2+q2n,n+2) (q2n,n-l ^q2n,n+2) (q2n,n+^q2n,n+ l+^q2n,n+2V(q2n,2n-2 q2n,2n+2) t^q2ntn-l
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by repeatedly solving the equation 4.9 for three successive values of n. 
The first three columns of Table 4*1 show the eigenvalues of the first 
six modes of a uniform beam of rectangular cross-section of width to depth 
ratio of two and pretwisted by 6o°, for values of n equal to 10, 15 and 20 
respectively. .*
4 .3 *2 Extrapolation
The three values of X and their corresponding eigenvectors 
successively approach the true values as n increases. More accurate 
values of X and their corresponding eigenvectors can be obtained by the 
extrapolation formula given in Appendix VIII. The fourth column of 
Table 4 .1  shows the results obtained by using the extrapolation formula 
on the values of X given in the first three columns of Table 4 *1 .
Uniform Beam Width to Depth Ratio = 2:1. Pretwist
Angle 60
FIRST SIX MODES
Number of steps along the length of
the beam . Extrapolated
10 15 20
j 1.0215 1.0199 1.0192 1.0182
3.4682 3.5931 3.6375 3.6951
40.6292 42.2308 42.8097 43.5680
113.4417 122.9206 126.5323 131.4005
321.1096 347.0271 356.7861 369.8590
675.1671 785.3584 829.9663 891.9283
TABLE 4.1
Values of XA  obtained by Using Different Step Lengths 
° and by Extrapolation
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Pretwisted Uniform Beam Width/Depth Ratio 2:1
1
Pre-
twist
Angle
Finite Differ- i 
ence Method | 
Extrapolated from 
n=« 10, 15, 20
Matrix Dis­
placement 
Method(24)
Percentage differ­
ence based on Ma­
trix Displacement 
Method
f 3<? 1.0059 1.0048 + .1094
R
S 60° 1.0182 1.0188 - .0589
T 90 ° 1.0425 1.0426 - .0095
S
OO<r\ 3.9166 3.9164 + .0051
E
C 60° 3.6951 3.6952 - .0027
0
N
D
90° 3.4020 3.4029 - .0296
T
H
I
R
D
30° 40.3667 40.3783 -.0266
ON
o 
o
o 
o 43.5680
48.6700
43.5969
48.6562
-.0 6 6 2  
+ .0283
F
0 30° 148.8397 149.0010 -,.1082
U
R 6o° 131.4005 131.7559 - .2697
T
H 90° 113.4711 113.9748 - .4419
TABLE 4.2
Comparison of,Frequency Parameter Ratios X - Obtained by
o
Finite Difference Method and Matrix Displacement
Method
157
Pretwisted Uniform Beam Width/Depth Ratio 4:1
M
0
D
E
Pre-
ttrist
Angle
Finite Differ­
ence Method 
Extrapolated from 
n » 10,15,20
Matrix Dis­
placement
Method^4
Transformation
Method®
F
oOcp 1.0044 1.0056 1.0108
I
R
60° 1.0257 1.0251
S
T 90° 1.0520 1.0526
S
E
C
0
30°
60°
13.9468
10.6383
13.9494 13.9861
10.6693
N
D 90° 8.0131 8.0383
T 30° 45.3107 45.3252 45.4491
H
I 60° 60.3835 60.5408
R
D 90? 80.4016 81.1945
F
0
U
R
30°
60°
278.3168
226.4147
280.8976 279.2274
227.8439
T
H 90° 183.4335
183.7461
F
T
30° 693.4500 695.9888
F
T
H
60°
90°
836.4372
886.1572
837.1358
887.O806
TABLE 4.3
Comparison of Frequency Parameter Ratios obtained by Finite 
Difference, Matrix Displacement and Transformation
Methods
4.4 Beams Tapered in Width Only
The equations of motion of cantilever beams of rectangular cross- 
sections of constant depth but linearly tapered in width and linearly pre­
twisted are given in equations A73 and A74 of Appendix IV subject to the 
relationships
iy y  = xoy( i+Pn)3 
Jxx “
\  = A0(l+pT)) 
q = Z.'h
and the end conditions given in equation A76.
Using the relationships for I . I and I given in equationxx yy xy
A26, A28 and A30 respectively the equations of motion become
2 4b , %2 2 2 d y
^ (1+Pt)) sin at) + cos aT] ] £■
c dr)
( b2 ■ ^ 3
+ 2 < -5- r3P(l+pT])sin at)+(l+pri) asin2ar) l +/T q  \cos ar}-asin2ar) y— J 
(c U+Pt)1 Jdrj3
 ^ 2r k 2 2 2 2
+ sin <xt) + 6p(l+j3t])asin2aT} + (l+pT}) 2a cos2ar)]
I c
-C asin2ari + 2a2cos2at) ] ) 
i+^  ) dn
+ C 4 < 1 ^ ) 2-1] ^  4  * a f c 4  3P<x*pn) - ^
C dT)' <■ c
+ [ “  (l+pr))2-l] acos2aT) + ( \  6p2 -™ 2c^ i- 2[—  3P(l+^)- ifg3^COS(XT)
c j dry I c ' c p b
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and
c 4  (i+pti)2-i ] ^ a a  A
C dT)
+ 2 jC ^  3a(l+Pn) -  -JT^-] ■SISSEa + [ -%(l+pri)2- l ]  acos2an )  ^
L C H 1 c ■ 1 drj
6p2 .S£|§gfl + 2 [ ~  3P (1+Pti) -  otcos2aT)
,2 ^  ^  n .2
(^l+prj) -1] 2a sin2ar) £— ^ 
c ^ dT]
2 4
r ^  /i d \2 2 • 2 d x+ L-^vl+pT)) cos at) + sin arj j —
c dr)
2 2 3 f b 2 b 2 B 2 1 d x
+ 21~2 3P(1+0t))cos ar) - -^ (1+pt)) asin2at) + J'fo'" B*n pT)+asin2ar) v — r
c c +p7* J dT)
( b2 2 2 b2 b2 2 2+ ) —  6p cos at) -  --=• 6 p (i+ p t))a s in 2 a t)  r-d+prj) 2a cos2aT)\ dk dk <24 c c c
'+ asin2ar)+ 2p2cos2ar)'l - Xx = O •«•* 4*11
1+^  i dr)2
Subject to the end conditions given in equations 4*3 and 4*4*
Dividing the range of the equation into n equal parts of step
length h (= —■ ) and using finite difference relationships for derivatives 
of x and y the equations reduce to a matrix equation of the form 4*9 where 
the elements q of tie matrix are obtained from equations 4*10 and 4*11* The 
eigenvalues and eigenvectors are obtained by using three successive values 
of n and more accurate values are obtained by extrapolation as in sections 
4*3*1 and 4*3*2*
4*5 Beams Tapered both in Width and Depth
A pretwisted beam tapered both in width and depth is shown in 
Fig. 4.7* The equations of motion of coupled bending-bending vibration of
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a pretwistod cantilever beam of rectangular cross-section are given in
equations A73 an<3 A?4« When the beam is linearly tapered in width and
depth the relationships for I , I and A becomeXx XX z
Iw  = Inv(l+pT])3(l+6r))YY 0Y
xxx = W 1+^ )(1+5t>)3
Az « A0(l+pT])(l+6r))
The end conditions of the beam are given in equation A76* Using
the relationships in equations A26, A28 and A30 respectively the equations
of motion become
2 2 4n x2 rb . 2 ,1+&TK 2 n d y
(1+Pq) L—  sxn aq+ cos txq J — £
c p 1 dq
( . . .  b2 . 2 £  (“ -1)3 2
+ 2 I Cl++or)) I —g sxn aq+ vl+(3q ' cos aq J 
c
+(1+PT1)C ( 1 7 ^ )  s i “ 2“ n + f  T 7 ^  cos2“ ti ]
+ (l+pr))2a sin2oct)[^ - (-J^) ] I
c j dT»
+j 6p6 C ^2  s i " 2“ T' + ( T 7 § )  cosa'1 ]
+ 28 (Itpti)3 2 r-bi. _ lillMi)3 "j
(l+6q) a sln2aTl L 2 6 vfT+PqF Jo
,e2 b2 . 2 6 2 2
+ 6(3 [—  sxn aq +(tr) c o s  aq ]
c p
♦ 6p(l+pi,) a sin2at) [ \  - ]
2 2 
+ 2(1+Pn)2 a2cos2at, - (i^l) ] ]. dfjr 
J dT,2
♦ a**,)8 c 4 - 0 2 ] i i f a
c K ' dq
+ 2 fs i i i f a l l  [ 4  -  | ; ’i ± L . ) 3-i+ 3g(1+BT,)r—  - 6 x+6tl i  sin3g,i
j l+6q c2 & 1+Ptl c2 P 1+pT] 3 2
( 1+Pq)2 [ ~  -  (YTe?) 3 a cos2aq [
c J *T
+ I f6B6 i i f ia  / i L  .(2iSZl\ 2 v  6B2 I—  -  — n  sin2an 
| L°p0 l+6q ^ 2  U+pq' ^ °p ^ 2  2^J 2
+ 2 C 6 % f ?  ( \  - I  ( l ^ )  > 3P<i+Pn> ( \  " f  )]“cos2a,ic c
2 2 Y 2
-  2 (l+pi))2 [ \  "(Tt I? )  3 a2sin2ari | •^ -| -  \y  « O   4 .12
c J dr,
and
(1+^ >2 c 4 - ( t® ) 2] 4c K 1 dq
* 2{c (cg> 2» <4 -! O V  3<»w)» <4 -1 i$ « n?“
+ (l+pq)2 [  ^  -  ( 3 7 ^ )  3 acos2aq j  ^
*{£«» 4-0%
(k2 ' £ (f %  )• 3PU-?n><\ - | ij'aco^T,
C c
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2
+ 3Pd+Pn)( ^ 2 cos2tx7} + I* irf^ sin2aT) )
- Cl+pri)2 a sin2an -(jT^-) ] j. £ *
° J dil3
+ ( 6fl6 i f f ^  C \  cos2ar> + ( T ^ )  sin2“ n J
-  26 a c \ - | l f ^ )  ] sin2o" i
ra% rb2 2 62 . 2+ &13 [—g cos arj + —^ sxn ar) ]
c P
2
‘ 6P(1+Pt))[ \  |  x f ^ ]  “ sin2at)
. 2 2 2
- 2(1+(3t]) [ ~2 ~ ( x+Bn ) ]acos2a7l V = 0 ..... 4.13
c P7! J
The boundary conditions, the equations 4.12 and 4.13 must satisfy, are 
given in equations 4.3 and 4.4*
Dividing the range of the equation into n equal parts and 
replacing the derivativesof y and x by their corresponding finite differ­
ences the equations reduce to a matrix equation of the form 4.9 where the 
elements q are calculated from equations 4.12 and 4.13* This equation is 
then solved for eigenvalues and eigenvectors as in sections 4.3» 4.3«1 and 
4.3.2.
^•6 Effect of Root Width to Depth Ratio
In considering the vibration of beams in sections 4.2, it is 
assumed that the beam has no taper and hence any coupling noticed is purely 
due to difference in width and depth. The coupling hence is a function of 
width/depth ratio and pretwist angle. In sections 4.4 and 4.5 it is
assumed that the root cross-section is a square; hence any difference 
between width and depth at any section is due to the taper and the coupling 
is a function of tapers in width and depth.
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When a beam of rectangular root cross-section has taper in width
or depth or in both width and depth, the coupling noticed is a function of
both width to depth ratio and taper.
To investigate the combined effect of width to depth ratio and 
taper on the frequency and inode shape of vibration of beams,the equations 
of motion given by equations 4.12 and 4.13 are used with various values 
of ]b greater than unity. The method of solution becomes identical to that 
of C section 4.5.
The values of width to depth ratio were varied over a range of 1 
to 10 for different taper ratios. The frequency parameter ratios of beams 
with different depth and width tapers are given in Figs. 4.16 and 4.17*
4.7 Discussion of Results
4.7.1 Introduction
A beam of uniform cross-section without any pretwist can execute 
indf>endent motions in the xs and yz planes. When the beam is pretwisted
the motions in the xz and yz planes are no longer independent but they are
coupled and are said to execute coupled motion.
The amount of coupling is a function of the pretwist angle and 
the difference in the principal flexural rigidities of the beam. For 
a square section beam the principal flexural rigidities are identical and
hence pre twist has no effect at all on the frequencies of natural vibration.
As the width to depth ratio increases the difference between the flexural 
rigidities increase and the coupling becomes stronger.
The discussion of results is divided into four sections:
1) Application of finite difference method to uniform pre­
twisted beams and the accuracy of the result obtained.
2) The effect of taper in width on a pretwisted beam of 
square root section.
3) The effect of taper in width and depth on pretwisted 
beams of square root section.
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4) The effect of taper on pretwisted beams of rectangular 
rbot cross-section*
4*7*2 Accuracy of the Finite Difference Method
Frequencies of natural vibration of a pretwisted beam of 
uniform rectangular cross-section have been investigated by several
13authors using various different methods including the Stodola Method ,
20 27the Analytical Method , the Transformation Method and the Matrix
24Displacement Method .
In order to ascertain the effectiveness of the finite difference 
method, it was applied to pretwisted beams of uniform cross-section with 
pretwist angles of 30°» 60° and 90° and with width to depth ratios of 2:1 
and 4:1* The results obtained are then compared with some of the 
published results*
The method of analysis of pretwisted beams follows a similar 
procedure to that of section 2,1, except that there are two simultaneous 
equations to be dealt with. The presence of two equations doubles the 
order of the matrix for the same step length. The resulting matrix 
(equation 4.9) is no longer a tend matrix (as in equation 2.1).
The frequency parameter ratios X A of a beam are expressed as
' 0the ratio of frequency parameter for any mode to the exact frequency 
parameter of the fundamental mode of a similar cross-section beam without 
any pretwist. The latter has a constant numerical value of 12.362365 for 
any rectangular cross-section beam.
The frequency parameter ratio approaches the true value as the
order of the matrix increases, that is, when the step length decreases.
This is shown in Table 4.1 for the first six modes of a beam of b/ ratioc
- o
of 2:1 for a pretwist angle of 60 • In order to get the true value the
order of matrix has to be very large especially as the mode order increases-
The size of the matrix is however limited by the size of the computer and
furthermore the time taken for computation increases as the square of the
order of matrix. The extrapolation formula derived in Appendix VIII is
applied to the three values of X A and the result obtained is very much
/^0
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closer to the true value* The last column of Table 4.1 gives the X/*
0obtained by extrapolating from the results in the first three columns*
Tho results thus obtained show very close agreement with those
, ■ 24obtained by other authors* Since the Matrix displacement method in­
volves the equating of kinetic and strain energies, the results obtained 
would give a higher bound to the true value since any restraint introduced 
in the assumed displacement would increase the strain energy compared to 
the kinetic energy of the system* The finite difference method on the 
other hand gives the lower bound* Hence the error in the results from the 
finite difference method will be overestimated when compared to the results 
from the finite element method than when compared to the true result*
Table 4*2 compares the frequency parameter ratios of beam pretwisted to 
30°, 60° and 90° of ratio of 2:1* At low frequencies the rounding off 
errors may be more tBan the errors due to truncation of finite difference 
relationships and the advantage of extrapolation may be lost if large order 
matrices are used in the calculation* The percentage difference between 
these results Id low even well within 0*5 for the first four modes compared* 
The percentage difference in the result as compared to the finite element 
method should give negative values* The positive values obtained may be 
due to the rounding off errors in the results from both methods*
X bThe results of /X^ obtained for a beam of /c ratio 4:1 for
various pretwist angles is compared in Table 4*3 with those obtained by 
Matrix displacement method and Transformation method* The difference 
between the results obtained by various methods differs by less than 0*5%* 
The results of the transformation method can neither be classified as 
upper or lower bounds. The results in Tables 4*2 and 4*3 show that the 
transformation method gave results which lie outside the upper and lower 
bounds given by matrix displacement and finite difference methods respec­
tively* Since the difference is extremely small - less than 1% - it may 
be caused by the rounding off errors in the computer*
Thus the finite difference method gives a very good approach to
the analysis of coupled vibration of beams. This can easily be extended to
tapered beams* The accuracy is very good compared to other methods*
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4.7*3 Beam tapered in Width Only
Since the root section is a square and the depth is uniform
along the length of the beam any change in frequency or any coupling
! ■ ' 
observed with pretwist is purely due to the effect of width taper* The
width taper causes the otherwise square section to be rectangular resulting 
in different principal flexural rigidities. A similar effect will be 
? produced ,if the width was constant and the depth tapered. The frequency 
parameters of a beam with a given value of taper either in depth or width 
for a square root section would be equal, while the mode shape in the zx 
and zy planes could be interchanged* Hence it is only necessary to in­
vestigate the effect of width taper on a square root section beam with 
constant depth. The effect of depth taper on a beam with constant width : 
can be deduced from these results*
Although the frequency parameters of the untwisted beam can be 
easily associated with the mode shapes either in the zx plane or zy plane 
and labelled accordingly as first *ac, first zy, second zx, second zy, etc., 
the vibration of the pretwisted beam cannot easily be associated with the 
displacement in any one plane. Hence the frequency parameter ratios of a 
pretwisted beam are identified as the first, second, third mode, etc., in 
ascending order of magnitude*
The frequency parameter ratio for a given value of taper is
Xdependent on the pretwist angle* Fig. 4*1 shows the variation of /X^ with 
pretwist for the first eight modes of a beam with width taper unity and 
zero depth taper.
The value of ^/Xq increases slightly for the first mode with pre­
twist. The increase however is only 1,6% at 90 degrees of pretwist* The 
value of A 0 for the second mode decreases with pretwist. The decrease 
is 3% at 90° pretwist. The first and second modes of vibration at zero 
pretwist corresponds to the first mode in the zy plane and the first mode 
in the zx plane respectively. For a width taper of unity the flexural 
rigidity in the zy plane is less than that in the zx plane. For small 
pretwist angles, as the beam is pretwisted the flexural rigidity in the 
zy plane increases while the flexural rigidity in the zx plane decreases.
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This increase in flexural rigidity in the zy plane with pretwist, increases 
the frequency parameter of the first mode, the mode shape of which is pre­
dominantly in the zy plane. Similarly, the frequency parameter of the 
second mode of vibration, with mode Shape predominantly in the zx plane, 
decreases as the flexural rigidity in the zx plane decreases with pretwist. 
The mode shapes of the first two modes given in Fig. 4*2 and Fig* 4*3 show 
that up to 90° the larger components of mode shapes are in the zy and zx 
planes for the first and second modes respectively.
As the beam has a square section at the root and small tapers
\along the length the value of /X^ for the beam at zero pretwist arranged 
in the ascending order alternate between vibration in the zy and zx planes* 
That is, the order becomes first zy, first zx, second zy, second zx, 
third zx, fourth zx, fourth zy, etc* Hence for a beam with pretwist up 
to 90° the odd order modes are the ones corresponding to zy modes of a non­
pretwisted beam and even order modes are the ones corresponding to zx 
modes of a non-pretwisted beam* Following the same arguments used for the 
first two modes, it can be generalized for the beam considered, that with 
pretwist the value of ^/XQ for the odd order modes increases while for 
even order modes the value decreases* This gives a qualitative prediction 
of the frequency parameters, but provides no means of predicting their 
actual magnitude* The variations of the frequency parameter ratios of a 
beam of width taper of unity and pretwist angle of 90 degrees are 1*6, 2*8, 
3» 7j 9, 10, 13 percent respectively for the first eight modes*
The mode shape of vibration of a non-pretwisted beam is in 
either the Z7 or zx plane only* As the beam is pretwisted the component 
of mode shape in the other plane gradually increases from a value of zero 
for zero pretwist. Fig* 4*2 shows the mode shape of the first mode of 
vibration for a beam of width taper unify. It can be seen from the figure 
that the larger component of the mode shape is in the sy plane and the 
component in the zx' plane gradually increases with pretwist. The relative 
tip amplitudes of the component in the zx plane are 0, 0.163, 0*313 &nd 
0*486 for 0, 3 0, 60 and 90 degrees of pretwist respectively.
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The larger component of mode shape of the second mode is in the 
zx plane as shown in Fig* 4*3» £he component of the mode shape in the 
zy plane gradually increases with pretwist from a value of zero at zero 
pretwist. The relative tip amplitudes of the component in the zy plane 
are 0, 0*l42, 0*233i 0*299 for 0, 3 0, 60 and 90 degrees of pretwist 
respectively*
The third mode of vibration corresponds to the second Bymode 
of the non-pretwisted beam* As the pretwist increases the component of the 
mode shape in the zx plane gradually increases* At 90° pretwist the zx 
component becomes larger than that of the Z7/ component, as shown in 
Fig. 4*4*
The fourth mode of vibration gives the larger component in the 
ZX plane for 0, 30, 60 and 90 degrees pretwist* The higher modes up to 
the eight mode investigated however showed a change over of the larger 
component from one plane to another at 90 degrees pretwist.
This behaviour of mode shape is difficult to explain. The mode
shapes depend on the amount of coupling between the two infinite degree 
of freedom systems, namely, the non-pretwisted beam vibrating in the ay 
plane and the non-pretwisted beam vibrating in the zx plane. A pre twisted 
beam can be considered to be a coupled system of infinite degrees of free­
dom made up of a beam of infinite degrees of freedom in the zy plane
coupled by pretwist to a beam of infinite degrees of freedom in the zy
plane. For a non-pretwisted beam these degrees of freedom in the zy and 
zx planes exist independently of each other. Hence a qualitative estimate 
of the mode shape of the coupled vibration may be obtained by assuming 
that the mode shape to be made up of a combination of the dynamic deflec­
tion curves of the non-pretwisted beam* Since equations 4.10 and 4*11 
governing the frequency parameters and the mode shapes of vibration are 
continuous over the change of pretwist angles from positive to negative 
through zero, the mode shapes of vibration at zero pretwist is only a 
particular case of a more general problem* Hence it can be considered 
that the mode shape of a pretwisted beam is due to the coupling between 
the various deflection curves of a non-pretwisted beam* The mode shape of
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the pre twisted beam then depends on the amount of coupling, and the 
component of each mode shape of the non-pretwisted beam present in the 
mode shape of the pretwisted beam.
This can be better explained by referring to the sixth modes 
of a beam with zero depth taper but -0,75 width taper with pre twist 
angles 0°j 3°° ^0° and 90°* Tb© mode shapes are given in Fig, 4,5* At 
zero pretwist the beam executes independent motion in the zy plane at its 
third zy mode with no displacement in the zx plane. The frequency of 
vibration of the third zy mode is very close to the fourth zx and third 
zx modes. This can be seen from Fig, 4.6(c),which shows the frequency 
parameter ratio against the width taper for various pretwist angles. At 
small pretwist angles the zy and zx components of the sixth mode are 
considered to be made up of a combination of the zy and zx components of 
the various displacement curves of non-pretwisted beams, that is, as a 
result of the coupling of various deflection shapes of non-pretwisted 
beams. The components of the deflection curves of the modes of non- 
pretwisted beam with frequencies close to the third zy will be more 
prominent in the sixth mode. Therefore in the zx component of the sixth 
mode of the beam for 30° pretwist a greater effect of the fourth zx is 
noticed in Fig* 4,5 (b) by the introduction of the third node near the 
tip. As the pretwist angle becomes greater the effect of coupling with 
the third zx increases and results in removing the third node introduced 
by the fourth zx.
The zy component of the sixth mode can be made up of a combina­
tion of deflection curves of the third zy and second zy along with other 
zy modes of the non-pretwisted beam. Since second zy is the closest to 
third zy the sixth mode can be seen to contain a large proportion of the 
deflection curve of second zy. As the pretwist angle increases the effect 
of second zy deflection on the sixth mode increases. This can be seen in 
Fig. 4.5(a), where the node is tending to disappear.
\Figs. 4,^ (a), (b) and (c) give the variation of /XQ for 
various modes with width taper and with pretwist.
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4»7«4 Beam Tapered Both in Width and Depth
The beams considered in general have a rectangular cross- 
section at any section as shown in Fig. 4*7* because of the presence of 
taper in width and depth, except at the root which is square* When the 
beams are pretwisted they execute coupled bending-bending vibration with 
displacement components in both zx and zy planes* However, it is possible 
to have a square cross-section all along the length of the beam in the 
coincidence of depth taper being equal to width taper* The pretwist has 
no effect on the frequencies of vibration of such a beam as any axis 
through the centroid of the cross-section is a principal axis.
The frequency parameter ratio of a beam tapered in width and .
depth in general varies with pre twist. At zero pre twist the lowest
\
value of /Xq is for vibration in the direction of the least flexural 
rigidity and the next largest in general for the range of taper considered, 
is in the direction of the larger flexural rigidity. The higher modes 
alternate between the vibration in these two directions* Since with 
pretwist the lowest flexural rigidity increases and the largest flexural 
rigidity decreases, the value of /XQ increases for the first, third 
and fifth modes and decreases for the second, fourth and sixth modes, 
respectively* The variation of /XQ with pretwist for the first eight 
modes for a beam with p =- *5, 6 « *5» is shown in Fig. 4*8. \ The percent­
age of variation in ^/Xq for any pretwist angle increases as the mode 
order increases*
XThe variation of /X^ with pretwist gives a measure of coupling
occurring in the beam between the displacements in the zx and zy planes*
The larger the difference between the flexural rigidities about the prin-x
cipal axes of the cross-section the larger is the variation in /X^ with 
pretwist* For a beam tapered in width and depth the difference between 
the principal flexural rigidities changes along the length, except when 
the width and depth tapers are equal, and the flexural rigidities are 
functions of the taper* The larger the difference between the width 
taper and depth taper, the larger is the difference between the principal 
flexural rigidities at any section along the length of the beam* Hence
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the variation qf /^A.^  for any pretwist will be largest when the difference 
between the width taper and depth;taper .is largest;, This can easily be 
noticed from Fig. 4.9, which..shows the frequencyparameter ratios, of 
fifth and sixth modes against depth taper for a pretwisted beam with 
width taper -O.5* ■ .. . - * , . . . ,
Fig. 4.9 further shows that the fifth and sixth mode frequency 
parameter ratios for all pretwist angles cross at 6 a -.*> since at that 
point {3 = 6 and pretwist has no effect on the frequency of vibrhtion. At 
aero pretwist the fifth and sixth modes of vibration for beams with (3= -.5 
and 6 less than -.5 are the third ay and third zx modes respectively,'* 
while for 6 greater than -0.5 they are third zx and third zy respectively. 
As the pretwist increases the two plots approach each other, the largest 
variation being for 6 =* 1.0 and for pretwist 90 degrees. Thus the plot 
at zero degree pretwist forms an envelope within which the fifth and sixth 
mode frequencies of the pretwisted beam must lie, and the coupling is pre-? 
dominantly between the third zy and third zx deflection curves of the non-? 
pretwisted beam. ' * ’ 1
The coupling in some esses is more complex. Consider the 
vibration of pretwisted beams with width taper 1.0 and depth tapers 
between -0.75 and 1.0, in particular the fifth and sixth mode of vibration** 
The fifth and sixth modes of non-pretwisted beams of p * 1,6 and 6 between 
-0*5 and 1^0 are third zy and third zx5 modes''respective^.T The frequency 
of vibration of the jLfth mode increases with pretwist* jThis increase ■ 
becomes more marked as the depth taper approach -0.75* The frequency of 
vfbration pf the si^ rfch mode dec e^ase^ s with ,pretw|.s£. ; This slrppgip? ; ■? 
gradual near a depth taper of 1.0. A sudden drop in the frequency in the 
sixth mode is noticed for 6 less than -0.5« This is due to the presence 
of the fourth zy mode as the sixth mode of non-pretwisted beam with (3=1.0 
and 0 less than -0.5* The frequency parameter ratios of the fifth *and 
sixth modes of "the jsretwicted beam with {3 « 1.0 and 6--less than -0.5 are 
bounded by the third zy and fourth zy modes of the non-pretwisted beam.
Hence an appreciation of the effect of taper on a pretwisted 
beam or pretwist on a tapered beaiti Can best be made frOm a simultaneous
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plot of several modes for the range of tapers considered* A typical plot 
giving the first eight modes for a beam with p » 1.0 is given in Fig. 4.11. 
The first two modes have very low frequencies to be shown on the scale 
selected and are therefore omitted.
It can be seen from the plot that the seventh and eighth modes 
can be divided into three sections. For the value of 6 between -.75 an^ 
-.5 the frequencies are bounded by third zx and fifth zy, for 6 between 
-0.5 and - .2 5  the frequencies are bounded by fourth zy and fifth zy and 
for 6 between-0.25 and 1*0 the frequencies are bounded by fourth zy and 
fourth zx. Although the frequencies of vibration in all these three 
sections behave in a similar manner with pretwist there would be consider­
able effect on the mode shapes of vibration.
The component of mode shape of a non-pretwisted tapered beam 
lies in either the zx or zy plane depending on the mode of vibration.
The pretwist introduces a component of mode shape in the other plane.
As pretwist increases this component of mode shape increases; The two 
components of mode shape in the zx and zy planes may resemble the rnpde 
shape of the non-pretwisted beam or may be made up of a combination of 
the displacement curves of different modes of the non-pretwisted beam*
The combination would depend on the closeness of the different natural 
frequencies of the beam*
i
Consider a beam of p « 1.0, the frequency parameter ratio of 
which is plotted in Fig. 4.11 against depth taper. For any given pre- 
twist angle the relative amplitude of vibration increases with depth 
taper. The position of the maximum relative amplitude is shifted towards 
the root as the depth taper increases. Fig. 4.12 shows the third mode 
displacement curves for 60° pretwist. The components in the zy and zx 
planes are of the second zy and second zx type in that they have one node 
each. This then is the effect of coupling of the second zy and second 
zx modes of the non-pretwisted beams as the frequency of vibration of the 
third mode of the pretwisted beam is bounded by second zx and second zy 
modes*
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The deflection curve of the fourth mode of vibration for 60°
pretwist is shown in Fig# 4.13, The fourth mode of vibration of a
beam with p « 1.0 and 6 * 0*5 is bounded by second zy and second zx 
modes* Hence the displacement curves would be expected to be made up 
of the displacement curves of the type of second zy and second zx mode 
shapes* For depth taper -0*75 although the fourth mode is bounded by 
second zy and second zx the presence of third zx very close to the mode 
would influence its shape* As pretwist increases the effect becomes 
more pronounced* This introduces another node in the deflection curve in 
the zy plane. This can be seen clearly for a pretwist angle of 60° from 
Fig* 4,13 *3 • A similar tendency can be seen for 6 *= -.5*
The fifth mode of vibration again shows a similar effect. For
6 ex -*75 the fifth mode shape is made up of a combination of shapes of 
third zx, second zy and second zx as these frequencies are close to each 
other* The component in the zy plane is made up of a combination of 
shapes second zy, third zy and fourth zy* This is shown in Fig* 4*14 • 
The contribution of the fourth zy shape is small compared to the second 
zy as the frequency of fourth zy is further away than that of second zy» 
from third zy. For other values of 5 the mode shape components show 
very little effect of these combinations as the frequencies of different 
modes are separated out.
The mode shape of the sixth mode illustrate the effect of 
closeness of the third zy and fourth zy modes for 5 = -*75« The sixth 
mode is bounded by third zy and fourth zy modes. Hence the zy component 
of the sixth mode would predominantly contain the shapes of third zy and 
fourth zy, although the effect of shapes of other modes may be present to 
a smaller degree. (Fig, 4.15)* For 6 = -.5 also a similar combination 
in the zy component of the mode shape is noticed. For 6 greater than 
-0*5 the effect of the fourth zy is not noticed at all to any great 
degree. The mode shape there being decided by the presence of third zy 
and third zx modes.
The zx component of the beam with 6 = -.75 would be affected 
by the presence of second zx in its fifth and sixth modes, the effect
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being to reduce the maximum amplitude of the displacement curve* Fig*
4. 15 (h) shows the deflection curve in the zx plane for a beam with 60
degrees of pretwist*
4*7*5 Effect of Width to Depth Ratio
The effect of width to depth ratio at the root section on the 
frequency of vibration of pretwisted tapered beams is investigated in this 
section* A range of width to depth ratio from 1 to 10 is considered for 
beams of taper (3 = -.5, 5 = 1*0 and (3 = -.5 , 5 = 0.
Figs* 4.16 and 4*17 give the frequency prameter ratios of pre­
twisted tapered beams against width to depth ratio. This presentation
was first given by Rosard^and later used by Slyper^ in the study of 
vibration of twisted rectangular beams* The graphs were plotted with the 
frequency ratio against width to depth ratio* This representation is used 
for the first time here to study the vibration characteristics of tapered 
beams*
The beams are all assumed to have the same depth while the width 
varies over the range* Beams with zero pretwist give two independent 
modes of vibration, one in tie direction of depth and the other in the 
direction of width. Since the depth is assumed to remain constant, the 
frequency parameter in the direction of depth remains constant and is given 
by the straight line plots parallel to the width to depth ratio axis* As; 
the width increases the frequency parameter for vibration in the direction 
of width changes and is proportional to the square of the width* The plots 
of the frequency parameter ratios in the direction of width are then 
parabolic and passing through the origin*
The frequency parameters of the tapered beams for zero pretwist 
are given in section 3*51 a width to depth ratio of unity. These 
results could be used as starting values in obtaining the plot and from 
these initial or limiting values at zero pretwist,the frequencies of pre­
twisted beams can be predicted*
With reference to Fig. 4*16 for a beam of constant depth but 
with width taper -0 .5 in the first mode of vibration the frequency
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gradually increases with pro twist. This change in frequency is too small 
to be represented on the scale selected and is therefore omitted from the 
figure. In referring to the non-pretwisted beams the frequency parameters 
and the deflection shapes will be identified by the plane in which the 
vibration takes place and numbered in the ascending order of magnitude of 
their frequencies* V/idth to depth ratio would be referred to from now on 
as the k/c ratio.
The value of 6.14 is a critical value of —  of ratio since atc
this value the second zy and first zx curves cross each other. At a value 
bof —  less than 6.l4,say at a value of 4, the second mode of vibration of 
a pretwisted beam is the result of coupling between the first zy and the 
first zx shapes. As pretwist increases the frequency of vibration decreases®
Similarly the third mode of vibration of the pretwisted beam is the result
\
of coupling between the second zy and second zx shapes which has already 
totaken place at —  equals 1.28. As pretwist angle increases the frequency c
of vibration increases thus moving away from second zy frequency* Away
tofrom this crossing point of —  equals 6.14 the curves for any one pretwist 
angle tend to remain parallel to the curves for the non-pretwisted beams.
In this case the second mode remains parallel to fi’rrst zx and third mode 
almost parallel to second zy.
At *— equals 4 the mode shape of the second mode contains a large c
component in the Zx plane of the first zx type and a smaller component in 
the zy plane of first zy type. The third mode contains a large component 
in the zy plane of second zy type and a smaller component of second zx type 
in the zx plane. As pretwist angle increases the relative amplitude of 
zy component in the second mode and zx component in the third mode increasesr 
bAt —  equals 6,14 coupling takes place between the second zy and c
first zx shapes in the second and third modes of vibration. This coupling
moves the frequency parameter curves of the second and third modes away
from each other. The coupling becomes stronger as pretwist increases and
moves the frequency parameter curves further away from each other* Above 
tothis value of ~  the second mode is no longer parallel to the first zx but 
becomes parallel to the second sy, while the third mode becomes parallel 
to the first zx.
17 6
The mode shape of the second mode above ~  of 6*l4 will contain
c
the components in the zy plane from the first zy with which it coupled at
—  =5 1*12 and the second zy with which it couples at —  of 6.14. The com- c c
ponent of this mode shape in the zx plane will contain the components of the
second zx with which it couples at —  of 1,28 and the first zx with which
b ^
it couples at —  of 6*14* The relative magnitude of the components will
0depend on the —  ratio and the pretwist angle* c
A similar analysis of the fourth and fifth mode of vibration can 
be made* The fourth mode has two critical values of 1*28 and 3»45« After
b
the first coupling at —  of 1.28 the curve moving away from the third
C bmode, and second zy tends to follow second zx. But at ~  of 3«45 the second
zx is crossed by the third zy and hence a coupling takes place at this
point between the second zx and third zy shapes resulting in the fourth
mode curve moving away from the second zx and following the third zy. The
IDfourth mode curve remains parallel to the third zy above the value —  of 
3*45 until it approaches the crossing point of the first zx and third zy.
IdThe second zx crosses the fourth zy at —  of 6.69 and a couplingc
between shapes of second zx and fourth zy takes place. The curve of fifth
mode for 30° pretwist angle, which is parallel to second zx as it reaches
Idthe critical value of — of 6.69i crosses the second zx and becomes parallelc
to the fourth zy. As pretwist angle increases the curve crosses the second 
zx earlier and becomes parallel to the fourth zy. Similarly, the sixth 
mode which is parallel to the fourth zy crosses the zy line and becomes 
parallel to second zx.
There are two different types of crossing points of zx and zy 
curves. The one where the frequency parameter curves of pretwisted beams 
are approaching from outside the acute angle formed by the intersection of
zx and zy in which case the curves move away from one line and follows the
Idother line. The value of —  of 6*14 and 3*^5 are typical examples of thisc
type. The second type is when the frequency parameter curves of the pre­
twisted beams are approaching the crossing point from within the acute 
angle formed by the zx and zy lines,in which case the curves cross the 
line it was following and follow the other line. The typical examples
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bof this in the crossing points at ~  of 6.69.
Fig, 4,17 presents the frequency parameter ratio against —G
ratio for a beam with width taper -0,5 and depth taper 1,0. The 
analysis is very much similar to that of the beam dealt with in Fig, 4,16.
However, for the present beam the zx and zy lines cross each other for a
bhigher value of ~  and for a higher value of frequency. Hence as the
taper increases the complex coupling of mode shapes takes place only for 
bhigher values of —  ratio.
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CHAPTER 5
SHEAR AND ROTARY INERTIA EFFECTS ON BENDING VIBRATION*
211
5*1 Introduction
This chapter deals with the bending vibration of short thick 
beams where the energy due to shear displacement and rotary movement of
ing displacement.
In the present work the equations of motion are derived starting
from the energy expressions using Hamilton's principle along the same lines 
44as Carnegie • These equations are then applied to a uniform beam of 
rectangular cross-section in order to establish the accuracy of the equa­
tions and the finite difference method. The results are compared with 
those of Huang
sections with pretwist. This gives rise to coupled bending-bending 
vibration and the motion is governed by four simultaneous differential equa­
tions. The resulting size of the matrix demands large storage capacity in 
the computers used for the calculation of eigenvalues and eigenvectors.
pretwisted and non-pretwisted beams with taper both in width and depth. 
Several cases of width and depth tapers are considered for pretwist angles 
up to 90 degrees.
cross-sections become important when compared with the energy due to bend-
These equations are then applied to beams of rectangular cross- *
The work is further extended for the first time to the case of
5.2 Uniform Beams
The equations of motion of a uniform rectangular cross-section
beam without any pretwist are given by equations A92 and A93# The 
associated boundary conditions for a cantilevered beam are given in 
equation A94. Introducing the non-dimensional terms
and assuming simple harmonic motion the equations of motion become
G AL2 ,„u L2 _ 2
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2
and AG ,A „ , N . pA p L* a O
Lk v. " - *'> ^  P
where the prime denote differentiation with respect to T)*
AL2Multiplying the first of these equations by -=—  and the second
L xxby —  and rearranging
TV
2 2 
AL2 G / AL2 \ G /AL2\ , ,
- S  T ~ )  0 + x ~  U '  +Xfa -  0 ............ 5*3XX \ XX / \ XX i
a n d  2  ' ' 2
G AL G AL . „ « , ^  ^.
■ K  r ~  0 + s  ~  ^ + = 0 ............ 5*4XX XX
The boundary conditions associated with these equations for a beam fixed ' 
at a « 0 and free at s a L become
0 55^  a 0 at t) a o
• ,...........................................  5*5
0« - 0 a o at T) a 1
7 G AL2Lee and Bisshopp define shear parameter S = ~  *^r—  and rotary inertia
2 xxparameter R a AL » In the present work as the shear coefficient k is
I 2
kept constant, t^iere is only one parameter which is a variable, namely, Y “~
2CXand it is termed the size factor, as it is basically a function of the 
ratio of the length of the beam to the depth of the beam*
5.2.1, Method of Analysis
The method of analysis is very similar to the one described for 
the coupled bending-bending vibrations of uniform beams in Article 4.3* *
The main difference between the two cases is in the coupled bending-bending 
vibration the equations were of the fourth order whereas in the present 
case they are of the second order* This makes the resulting matrix more 
sparse*
Dividing the range of tie equations into n equal parts of step 
length h (» ~  ) and replacing the derivatives with their corresponding
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finite difference Relationships the equations of motion at any arbitrary 
distance r\ (=rh) are
+ G _ ) 0 r + l_0r+1- l _  - U?_ G_ V
h2 h2 * “  ,2 2h I Ek r-Xxx n h xx h xx
1 AL2 G ^  ^r
+ 2h I Ek r+1] + s 0 .........5*6
X X
and
— 2 —  [I_ 0r_x - i _  0 r+1 + i _  0 r.x - 2 _  0  + 1_ 0  J, + X v  = o
X kE 2h 2h ,2 r 1 a 2 r 1 -* r
xx h h h
 .....5.7
The corresponding boundary equations given in equation 5*5 become
0 ~ v  = 0 , - 0 i =v ■t-J-v i ~ 2h0 ss 0 ••••»• 5.8 o o 'n+l n-1 1 n+l " n**l n
The equations 5-6 and 5.7 can be written in terms of the generalized 
coefficients as
^r,r-l^r-l + Qr,r ^r + ^r,r+l ^ r+1 + Sr,r+n-l / r^-l+ qr,r+n+l ^r+1 + ^ r  _ C
............5.9
and
q , 0 , + q _ 0 ,+ q , 0 ,+ <3. / + <3.r+n,r-l r-1 r+n,r+l r+1 r+n,r+n-1 r-1 r+n,r+n r r+n,r+n+l r+1
+ \jt » 0  .. 5.10r
Using the boundary conditions in equation 5*8» these equations can be 
expressed as a matrix equation, namely:
Ll,l %,2
2,1
q
2,2
3,2
q2,3
Q3,3 q3,4
qn-l,n-2 qn-l,n-l qn-I,n
(0. - +q , Ni ;'q +2h q - J\ n,n-l n,n+l/;\Ti,n n,2n+l
0 n+l ,2
qn+2,l ° ^+2,3
ln+3,2 °'N qn+3,4
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where
*T2q . s» q _ a 1 AL r,r-l Hr,r+1 —  ~—
h2 *xx
2 AL^ <L v Al^
r,r (“ . 2 " 1 kE ) Ih xx xx
1 AL2 G 10
r,r+n-l~* " qr,r+n+l “ " 2h “  Ek ....
xx
2q.   , = - q =s AL G 1V+iijr-l r+n,r+n+l I kE 2hxx
2
q , q = 1 AL Gr+n,r+n-1 =. r+n,r+n+l — - — —  —.2 I kE 
h xx
, 2 AL Gand q a - —  — - rrr-r+n,r+n . 2 1  kE
h xx
Equation 5»H is then an eigenvalue equation and the eigenvalues are 
obtained by the iteration procedure given in Appendix VII* The equation 
5-11 is repeatedly solved for the same value of size factor by using 
different values of n* From the resulting approximate values of eigen­
values a better approximation is obtained by the extrapolation formula 
derived in Appendix VIII*
The eigenvalues obtained from Timoshenko equations are expressed
as a ratio of the eigenvalue of classical Bernoulli-Euler equation for the
36 J1
corresponding mode* Huang plots the ratio of frequencies against /L
where r is the radius of gyration of the cross-section about the neutral
38
axis and L the length of the beam* To compare with Huang’s results the 
ratio of X obtained in the present investigation is plotted to a base of
\ “ t/
^ which corresponds to Huang’s L ratio. The results
2\AL /
arc given in Fig. 5*1* The results obtained by Goodman and Sutherland 
are also shown in the figure*
5*3 Tapered Beams
Vibration of beams with a square root cross-section but tapered 
in width and depth where the shear deflection and the rotary inertia are no
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longer negligible are considered in this section*
The equations of motion in the zy plane of the beam are derived 
in equations A92 and A93» The associated natural boundary conditions for 
a beam fixed at one end and free at the other are given in equation A94# 
Since the beam in general is tapered both in width and depth the area of 
cross-section and the second moment of area at any section expressed in non- 
dimensional form becomes
Aa ' - AQ(l+pTi)(l+6q)
lx x m Iox<1+P’>)(1+61 )3 
T] = L/h
Substituting for A^, 1 ^  and 3 in equations A92 and A93 and introducing 
a non-dimensional term
V
y » /L and assuming simple harmonic motion the equations
become
2 2
+ irir + r ~  m v z k p  iy,-0) ♦ * * - < >
ox K 1 . ox 1
. 5.13
and
2
A L
*r~—  r~  [- 0* - ( +.. ft- ■ ) 0 + ytf +(— -1- + — ) /« + \ y = o
ox *l+{3q l+6rj 1 r vl+{3q l+6t) '
••••••• 5*i4
where the prime denotes differentiation with respect to T)*
The boundary conditions become
0 s y a 0 at q =* 0
 ^ 5*^ -5
0* a y»- 0 a 0 at T) B 1
Dividing the range 0 ^  q -1 of the equations into n equal parts of step
i
length h (« —  ) and replacing the derivatives with their finite different
relationships, the equations of motion at any arbitrary section q(«rh)
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become
A.L2f 0._ ,r 1 1 , P . 36 i 0.. _ 2 A L2 Go I r-l£—  J +Ar - o —
ox , h 2h 1+pq 1+pq h I kE (l+6q)
+ 0r+1 [ ♦ i- (-E-. + _2£_) + *r_j. c. !_ Q_ _ i _ _
h 2h ' 1+Pt) 1+6t] I kE (1+6t))ox
y .r 1 A L2 G X -,1 , ^
+ r+1Cair ■£—  “  7 7 7 T 2 ] + X 0 r = 0 — ..5-16I kE (l+6ri) Jox ‘
and .
A L2 - f  0 . 1 . 3  & * J# ' 1 xo 6 x r-1 —  - —^ \r -"■- ■■) r + r+l( — )
I kE I 2h l+j3q l+6r) 2h
y ,rl 1 / 3 6 x1 y / 2 X+ ' r - l C - J ------( — 1—  +  )] * ' r  (--5 )
h 2h 1+Pn l+6r) h
+ ^r+l£-^g* + (-&•-»- + --§—  ) ]!+ V ^ r  = 0   .#5.17
h 1+pT) l+6q 2h J
The boundary conditions then become
0 «. y = - 0 ' = y - y - 2h 0 * 0 ... 5.18o ro n+l n-1 rn+l n-1 n
The equations 5»l6 and 5.17 can be expressed as a matrix equation of the 
form given in equation 5*ii where the elements of the matrix are to be 
obtained from equations 5*16, 5®17 and 5*i8* The method of solution is 
as described in article 5«2.1*
Various values of width taper and depth taper are considered.
The frequency parameter ratio obtained are expressed as a ratio of frequen­
cy parameter ratio from the classical Bernoulli-Euler equation for the 
corresponding mode.
The results obtained for beams of p 6 * *5 and {3 - 0,
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•6 =*5 are shown in Fig# 5*3 for the first five modes# The results for a 
beam of width and depth taper of -Q#5 are presented in Fig# 5*^ f°r 
first five modes# Fig# 5»S shows the variation of frequency parameter 
ratio with depth taper# All these results are obtained by successive 
solution of the equations of motion by using three values of n » 10, 15» 
and 20 and extrapolating from these values*
5*4* Pretwisted Uniform Beams
A uniform rectangular cross-section beam when pretwisted exe­
cutes a coupled bending-bending vibration with components of mode shapes 
in the zx and zy planes# These displacements are associated with inertia' 
loading on the beam and slope changes in the zx and zy planes# These 
inertia loads cause shear deflections in the zx and zy planes# The slope 
changes due to the bending cause the cross-sections to rotate about the xx 
and yy axes# If the cross-sectional dimensions are comparable to the 
length of the beam, then the energies associated with the shear deflections 
and rotation- of cross-sections simultaneously in the zx and zy planes 
become appreciable#
Assuming a width and depth taper of the beam, the equation of 
coupled motion allowing for shear and rotary inertia of a uni fora beam are 
as derived in equations A#95* A#96, A#97 and A.98# The associated natural 
boundary conditions for a cantilever beam are given in equation A#99#
Since the beam is linearly pretwisted to a total angle of a,
using the relationship in equations A#26, A#28 and A#30 of Appendix I for
I , I and I in terms of the principal second moments of area and pre- xx7 yy xy
twist angle the equations for simple harmonic motion becomes
£=■ AoL ( y  -  #<)  a y  = o    5 .1 9kE 1 y
ox
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A L2 2 2
I2— j sin2(XT) + cos2arj) 0" + \  asin2aT) 0» + ( ^  - l) ^ 0"
ox L c y c y c :
2 . 2 
+ ( —  - 1 )a cos2ar) i + g? AoL ( V 1- jS )
C I y .ox
2 0 2 
+ X(-rr sin cm + cos or) ) 0 + X (—  *- l) — 0 ' « o 5,20
c y c
Is A°L (*" - 0'x ) + * *  » o    5.2X
Iox
and
AoL b2 2 2 w b2 b2
-j ( ~2 cos at] + s m  at]) 0” + ( 1  ~ j asin2<m 0' '+ ■(“  “ 1 )sin2gr[ 0n
ox c c x c 2 y
2 2 
+ ("2 ‘ 1 )a 008200,1 ^'v + S  ( / ” ‘ )c  ^ Iox
2 _ 2 
+ X  ( cos ar) + sin at) ) 0  + X ~ 1 ) — 0  = 0 * • •. 5*22
c x c y
where y and X  are non-dimensional terms*
y = yA
X = xA
and the prime indicating the derivatives with respect to t)»
The boundary conditions associated with these equations for a 
cantilever beam are
0 » y s 0 X  = 0 at n = oy x
••••*«»•»•«»»*< 5*23
0* = 0' = y - 0  - X-'-K = 0 at tl = 1y x y x
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5*4*1 Method of Analysis
Dividing the range 0 £ r] <1 of the four simultaneous equations 
5*19» 5*20, 5*21 and 5*22 into n equal parts of step length h(« ~  ) and
replaoing the derivatives of » 0 an<* 0 ^y 'thei** corresponding finite
y
difference relationships, the equations of motion are transformed into 
four sets of linear simultaneous algebraic eqiiations,each set containing 
n equations. The total number of equations then become 4n.
A typical equation of each set at an arbitrary distance i)(«rh) 
from the root are
<1 -.0 <2. 0 + ^ + <1 .0 + Q  0 + <1 ,0 „^r,r~l r-1 Tr,r rr V,r+1 'r+l r,r+n-r£_^ ur,r+n y^ T,r+n+ryr+1
+ V  = 0 ..... 5*24r
Q -+ q - + a m0 + a 0 + Q n0nr+n,r-rr-l T+n,r+rr+l ^r+n,r+n-r y^_^ r^+n,r+rc y^ T+n,r+n+ryr+j
+ qr+n,r+3n-l qr+n,r+3n qr+n,r+3n+l ^*r+1
+ \ ( qr+n,r+n ^ y + qr+n,r+3** ) ** 0 5*25r r
qr+2n,r+2n-l^r-l+ qr+2n,r+2n ^ r + qr+2n,r+2n+l^r+l
qr+2n,r+3n-l qr+2n,r+3n qr+2n,r+3n+l = °
........... 5.26
+
and
qr+3n,r+n-l^yr>-1+ qr+3n,r+n^y^+ qr+3n,r+n+l^yr+1+ qr+3n,r+2n-l^r-1
+ qr+3n,r+2n+l*'r+l + qr+3n,r+3n-l qr+3n,r+3n ^
Q 0 + X rQ . 0 + Q _ n 0 -i “ 0 •#. 5*27+ r+3n,r+3n+l ** +1 [ Hr+3n,r+n Hr+3n,r+3n *xr]
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where the coefficients q*s are evaluated from the equations 5•19? 5 *20, 
5.21 and 5.22*
The boundary conditions in terms of finite difference from equa­
tion 5*23 become
0 = / = 0 = .X = 0 « 0 a 0
y o x 0 y , y , X , ' y , ' n+l ' n-i ' yo o Jn+1 Jn-1 n+l ^n-1 n
= 0 = y -  y 2h 0
. 1 3
=*X ’ , -Y • * -  2h 0 * on+l n-1 x 5.28n
Assigning various values of r from 1 to n the 4n number of linear algebraic 
simultaneous equations can be expressed as a matrix equation of the form
ql,l q2 ,l ql,n+l qi,n+2
q2,1 q2,2 q2 ,3 |q2 ,n+l **2 ,0+2
\ . \
\ \  *
Q Y q'* n, n-1 xn
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A A
. . (^]ijU2n-’l\i?j2n- 
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\ \
\
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q q ' n n,n
' V »
\ \ ■ \
q q q
q q
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q q \
q q
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0
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q q
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q q
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q q q
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Rewriting the matrix equation 5*29 as
[ H ][ ?] . X [K][ ? ] 
and pre-multiplying the equation by ^  [ H J
C H ] " 1 [ K ]  [  § ]= I  [ f ]
i.e., [ M  ] [ J  ] = i  [|] ' ..........  5 -3 0
where [ M ] «[H~1p L[ *. ]
The final equation 5*30 an eigenvalue equation and the eigen­
value ^  and the eigenvector [f 3corresponding to various modes can be 
obtained by the method described in Appendix VII,
Since the matrix £h 3 and [ K 3 are square matrices each of 
order 4n, the number of step lengths n that can be taken is limited by the 
size of the computer available. In the present work the computer available 
(Sirius and Elliot 503) has limited the maximum number of step lengths 
that can be taken to six. This gives a maximum size of the matrix of the
order of 24. Eigenvalues using three different step lengths 4, 5 and 6
are determined and a better approximation is obtained from the extrapola­
tion formulae derived in Appendix VIII,
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The effect of pretwist on the vibration of a beam is shown in 
Figs. 5»6, 5*7 and 5.8.
5*5 Pretwisted Tapered Beams
Beams of sqiiare root section tapered in width and depth and 
pretwisted along the length where the cross-sectional dimensions are no 
longer negligible in comparison to the length are considered.
Substituting the equations A.26, A.28 and A.30 of Appendix I 
together with the cross-sectional properties
IYY - I (1+Pti)(1+6t))3XX ox
i ( 
oyxyy * I0y(1+Pt*)3(i+6n)
A s « Ao(l+p^)(l+6q)
z
and t) - T
into equations A.95» A.96, A.97 and A.98 the equations of motion become
K / ' - + j T S t j H ) >  v  = 0 ........ 5.31
ox
A L2 > 2
V   \ f—5— (1+pT)) ( 1+6tj)sin at) + (l+£n)(l+6n) cos an 1 0”a 1 « , yox \ c
r o 2 n 2 o
+1 —  £3p(i+Pn) (l+6n)sin an + 6(1+Pn) s*n an +(1+Pn) CX+6ti) asin2an 2
c
'O’
o o 2 2 o ■’j
+ E p(l+6n) cos an + 36(1+Pn)(l+^) cos an • (l+PnHl+S*}) asiri2an ]l 0'
J i y
+ c 4 u * W ) W -  : £is|2a fin
c .
f r t £
i 2 1°
2 'i
+ C^2 acos2an f ^ x^ +
+ji C3p(i+Pn)2(i+^)+5(1+Pn)^] - [ p(i+&n)^+3&(i+pn)(i+&n)2
c
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2
+ kE / ^y)
*ox
2
+ X£-~-- (X+pT))3(l+6q)sin2ar) ,+ (X+pT})(X+6T))3cos2aT) ] ^y
.2 „
+ x-p-j (i+^k(i+6t)) - (i+pn)(i+6T))3 ] slgSsa ^ = 0 .... 5 .32
X
A L2
r ~  ST £<-*' “ * * ) + (I7|r + uSn } (jf'" #,* ^ + 0 **•• 5,33OX
—. W ^ 1 (!•  ^ .
rr (X+pT)) (l+6r))cos ar| + (X+pT})(X+6T])3sin2aTi ] x 
OX ( c
^ b2
3p(X+pT)) (X+6T))cos2at] + 6(X+pT))3cos2aT)-a(X+pt))3(X+6r))sin2a^]
c
+ p(X+6r})3sin2<xT} + 36(I+pT))(X+6T})2sin2T) +(X+pq)(X+6T))3asin2aT} ^ x
2
+ [ <X+pt1)3(X+6T]) - (X+Pti)(X+6ti)3] 2&SSS& 0"2t  ^ * J 2 y
2 1 
— ■ [ (l+Pn)36+3p{l+pti) (1+6t))] - p(X+6t))3+36(l+pr))(l+6r])2 |2c
b2 3 3
+ [ (X+Pt])^(X+6ti) - (I+pi))(X+6r|)J] acos2at) 
c
2
+ fg / AoL j (X+Pt))(X+6t)) (X1 - )
\ *ox /
2
+ X £ ■ (X+pti)3(X+6Ti)cos2ari + (X+pT])(X+6r))3 sin2ar) ] 0
c x
2
+ X (X+pTj)3(X+£>ri)-(X+pT])(X+6t])3 0 = 0  ...... 5.34
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The boundary conditions associated with a beam canti levered at tj«0 are 
given by the equation 5*23*
The equations 5*31» 5*32, 5*33 and 5»3^ are solved for the fre­
quency parameters as explained in article 5*4.1»
The frequency parameter for various values of depth and width 
taper were calculated for pretwist angles up to 90° • The results for a 
typical beam of width taper p « .5 and depth taper 6 « - . 5  are given in 
Figs. 5.9, 5.10 and 5.11.
5*6 Discussion of Results
5*6.1. Uniform Beam
The frequency parameters of uniform Timoshenko beams were already 
presented by several authors ’ • These results therefore help in
assessing the validity of the equations of motion A .92 and A.93 and also 
to estimate the accuracy of the method of solution. With this in view the 
frequency parameters of uniform rectangular beams including shear and rotary 
inertia effects were calculated.
Frequency parameters obtained by extrapolating with the values 
from three different sizes of matrices (20, 30 and 40) are shown in Fig.
5 .1 as a ratio of the frequency parameter from the classical beam theory.
nO
The results obtained agree very closely with those of Huang , and
37Goodman and Sutherland * Since the equations are of second order, the 
finite difference relationships for the derivatives contain only three 
pivotal points. Therefore, to get a good accuracy of the frequency para­
meter, comparitively large step lengths can be chosen. This then keeps 
the size of the matrix small and within the limit of most computers.
Shear and rotary inertia reduce; the frequency parameter of a 
beam. The reduction in frequency parameter becomes more rapid as the size 
factor and hence the ratio of the depth to the length of the beam increases.* 
Since the frequency parameter is a function of the size factor and since the 
size factor is independent of the width of the beam, the reduction of the
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frequency parameter is independent of the width of the beam.
For higher modes of vibration there is a rapid decrease in the 
ratios of X of the Timoshenko to the classical beam* That is, the effect 
of shear and rotary inertia is more marked in the higher modes. As mode 
order increases this effect also increases for any size factor. The effect 
of shear and rotary inertia is therefore a function of the wavelength of 
the vibration of the beam* Hence, a more realistic method of estimating 
the effect of shear and rotary inertia would be as afanotion of depth to
the wavelength of vibration of the beam*
1
/ , 2
As the / I \ ratio tends to zero, the frequency parameter
f 21
obtained by the \AL} solution of equation 5*11 increases assymptotically. 
This increase becomes more rapid as the mode order increases* The results 
of the frequency parameter obtained by the solution of equation 5*11 
becomes greater than that obtained by the classical Bernoulli-Euler equa­
tion for certain values of matrix order as the /I \ ratio decreases.
2iFiQ* 5*2 shows the ratios of X of Timoshenko \AL/to classical beam
against /1 \ ^  ratio for various matrix order of equation 5*11* As the 
I T V> \ . . A
matrix \AL j order increases the ratios of X decrease for any / I \ 2
ratio* Hence for small values / 2 large order matrices \AL /
I 21are required to obtain a • \AL J  reasonable approximation to the actual
frequency parameter* Fig* 5*2 also shows the curve of extrapolated frequen-
26cy parameter ratios. Rissone and Williams obtained theoretical 
value of frequency parameters of Timoshenko beams greater than the classical 
beam using some order of matrix for tapered beams for/ I \ ^ of 0*012* The 
order of the matrix used is not given. \AL )
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Anderson presents a general series solution for a pin-ended 
beam and compares the Bernoulli-Euler and Timoshenko solutions forthe 
flexural response to the transient concentrated force at the midpoint. Two 
sets of frequencies were obtained, the first of which approaches asympto­
tically the Bernouli-Euler frequencies for the lower modes in slender beams 
andthe pure shear vibration for the higher modes in thick beams. No 
physical interpretation was suggested for the second set. The existence
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of two sets of frequencies is again discussed by Dolph and Traill- 
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Nash and Collar who suggest that the higher set of frequencies may be 
in the natuie' of resonance due to interaction between the shearing forces 
and the rotary inertia forces*
Exact valuesof the frequency parameters of a beam are obtained by 
the solution of an infinite order matrix as in equation 5*H provided there 
is no rounding off errors in the numerical procedure* The solution then 
gives in general an infinite number of distinct eigenvalues* But it is 
physically impossible to deal with infinite order matrices and hence 
approximate values of frequency parameters approaching the exact value 
are obtained by limiting the matrix order to a finite value* This also 
limits the total number of eigenvalues obtained to a finite number. Since 
the eigenvalues are distinct?the ratio of the highest to the lowest eigen 
value which was infinite is made finite by limiting the order of the matrix*
There are, therefore, two families of eigenvalues of the matrix* 
One, the lower family, converges to the Bernoulli-Euler values. As the 
matrix order is increased for any value of size factor,the eigenvalue
converges1 to the true value asymptotically. The other, the higher family,
(1 Y ox \ 2 tends
A L / value
diverges (that is, increases). The limiting of the order of matrix and 
hence the limiting of the ratio of the highest to lowest eigenvalue intro­
duces interaction between the two families of eigenvalues* This inter­
action results in increasing the values of the lower family and decreasing 
the values of the higher family. This becomes more acute as the order of 
the matrix becomes small* This effect can be noticed from Fig* 5*2, since 
the frequency parameters approach the true value from an upper bound rather 
than from a lower bound as seen in earlier chapters.
The interaction would become more severe if the two families 
were far apart than if they were close together before limiting the order 
of matrix to a finite value. For very slender beams the higher family 
exists only for extremely high frequencies, whereas the lower family con­
sists of low frequencies*
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5*6,2 Tapered Beams
Beams tapered in width and depth but of square root cross- 
section are considered. The frequency parameter expressed as the ratio of 
the frequency parameter of the tapered beam obtained from the classical 
equation is shown in Fig, 5*3» for a beam of zero width taper but with 
depth taper of 0*5* The values obtained for a beam with (3 = - .5  and 
5 a *5 are also shown in this figure. It is seen from the graph that the 
values obtained for beams of the same depth taper but different width 
tapers are identical for second and higher modes. The first mode however 
shows a slight difference between the values and the maximum difference 
is less than 2 percent. Hence the width taper has very little or no 
effect at all on the decrease in the frequency parameter ratios of 
Timoshenko to classical beam*
The effect of shear and rotary inertia on the frequency of 
vibration of a beam with width and depth taper equal to -0 ,5 is given in 
Fig, 5*^ t* Since the depth of the beam decreases from the root section to 
the tip section the ratio of ^1^ \along the length of the beam is less 
than that at the root section,^AL / For small values of/1 \the solution
obtained from equations A , 92 and A*93 tends to be Val/7 asymptotic 
to the frequency parameter axis especially asthe mode order increases. 
However, as the value of step length in the finite difference relationship 
is decreased and hence the order of the matrix increased, the frequency
parameters approach the true value from a higher value. For the fifth
x
mode of a beam with /1^ \ 2 ratio less than 0 .02 the ratio of X of
Timoshenko beam to ( M?) classical beams tends to become greater than
x-
unity. For this range of I JCN a higher order matrix can be used to
\ M 2)improve the frequency \ AL J parameter.
; I \ 2
For large values of ^ "““*2 ) ’ sa^’ 0,1, accuracy obtained
would be very high* The frequency parameter reduction at this value of 
size factor is very appreciable for every mode. The percentage reductions 
in frequency parameters are of the order of 16, 671 81, 91 and 95 for the 
first five modes respectively, for a beam with depth taper 0 .5 as in 
Fig* 5*3* The percentage reductionsof X for a beam with depth taper -0.5
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are 15 , 43 *5 « 62.5* 74.8 and 81. Hence it is seen that as the depth taper 
decreases the effect of shear and rotary inertia is decreased for the same 
size factor. Since the depth/length ratio along the cross-sections of the 
beam decreases as the depth decreases for the same root cross-section, the 
shear and rotary inertia effects also decrease as it is a function of the 
depth/length ratio. This is clearly shown in Fig. 5*5 which gives the 
second and fifth modes of beams with (3=0 for 6=0 and 6=.5 and (3=-.5 Tor 
6= -.5* The change of {3 has little or no effect on the change in shear 
and rotary inertia effects. A similar effect is noticed in all modes 
studied but these results are not presented in the figure for the sake of 
clarity.
5*6*3 Pretwisted Uniform Beams
Beams of rectangular cross-section when pretwisted execute 
coupled bending-bending vibration. The frequency parameter ratios are a 
function of width to depth ratio of the cross-section and the pretwist 
angle. When the beam is short or the width or thickness is large in com­
parison to the length, the effects of shear deflection and rotary inertia 
reduce the frequency parameter ratio.
At zero pretwist the deflection curve is either in the plane of 
the width or depth and hence the reduction in the frequency parameter ratio 
would be a function of the length to width ratio or the length to depth 
ratio of the beam. When the pretwist increases the mode shape has compo­
nents both in the zx and zy planes. Hence the reduction in the frequency 
would depend on the relative magnitude ofthe components of the mode shape. 
The frequency parameter ratios of the first six modes of a beam of width to 
depth ratio of 2 to 1 show a decrease in frequency for all pretwist angles 
when compared to the frequencies of a classical beam, as seen in Fig. 5*6. 
The effect of pretwist on a Timoshenko beam is very similar to that of a 
classical beam in that the frequency of vibration is altered due to coup­
ling ofcdisplacement curves. A Timoshenko beam however does not exhibit a 
sharp rise or fall in frequency parameter as does a classical beam.
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The effect of shear and rotary inertia on the frequency para­
meters of a pretwisted beam is clearly seen from Fig. 5*7* The ratios of 
frequency parameters of a Timoshenko beam to the frequency parameters of a 
classical beam decreases with pretwist in the first, third and fifth 
modes, and increases with pretwist in the second, fourth and sixth modes*
In the first, third and fifth modes, the displacement curves are in the zy 
plane, that is j in the plane of the depth* The reduction in the frequency 
parameter due to shear and rotary inertia depends on the depth to length 
ratio of the beam. As pretwist increases,the deflection in the zx plane 
increases and since the width is greater than the depth the shear and 
rotary inertia effect increases, reducing the frequency parameter ratio.
For the second, fourth and sixth modes, the deflection is in the 
zx plane at zero pretwist, that is, in the plane of the width. The re- *_ 
duction in frequency due to shear and rotary inertia depends on the width 
to length ratio of the beam. As pretwist increases the component of 
mode shape in the zx plane decreases while the component in the zy plane 
increases* Since the width is greater than the depth the shear and rotary 
inertia effects decrease, resulting in an increase of frequency parameter 
ratio*
The frequency parameter ratio shows the same trend in the 
variation with pretwist for all length to root depth ratio of the beam with 
width to depth ratio of 2 to l,as seen in Fig. 5*8. The frequency para­
meters of the fifth mode are not shown for the sake of clarity as they lie
between the third and fourth modes and close to the fourth mode* The
/I v 4
values of frequency parameter ratios for small values of / ox\ are not
i 2 Jshown as the accuracy in those results was poor since the\AL / size of the 
matrix used was limited by the storage capacity of the computer.
5*6*4 Pretwisted Tapered Beams
When a pretwisted beam vibrates the mode shape of vibration has 
components in the zx and zy planes. These components of motion produce 
shear deflection inthe two planes due to the inertia loading onthe beam*
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The effect of shear deflection and rotary inertia is to cause a reduction 
in the frequency of vibration of the beam. The reduction in the frequency 
is dependent on the angle of pretwist.
XThe frequency parameter ratio /X^ for a square root section 
beam of size factor 400 and with tapers (3 = .5 and 6 * -#5, are shown in 
Fig. 5*9 against the pretwist angle* Up to the sixth mode of vibration, 
shown in the figure, it can be seen that the frequency parameter decreases 
for all modes when shear deflection and rotary inertia are taken into 
account* For the first three modes of vibration the curve obtained from 
Timoshenko theory is almost parallel to that obtained from the classical 
theory* The shear and rotary inertia effect does not therefore vary 
appreciably with pretwist angle. For the fourth, fifth and sixth modes, 
the variation of frequency parameter with pretwist angle is more marked*
The effect of shear deflection and rotary inertia on the fre­
quency of vibration of a beam is a function of the depth to length ratio 
of the beam. When a beam with distinct depth to length ratios in the zx 
and zy planes is pretwisted, the component of deflection in one plane 
compared tothe component in the other plane, increases with pretwist* The 
increase in the component of deflection results in the increase in inertia 
loading and an increase in shear deflection* If the increase of deflec­
tion component is in the plane of largest flexural rigidity the reduction 
in frequency parameter is more marked. But if the increase in deflection 
components is in the plane of least rigidity, then the reduction in fre­
quency parameter becomes less with pretwist*
Consider the fifth and sixth modes of vibration in Fig. 5«9»
The mode shape of vibration for zero pretwist is in the zy plane which is 
the direction of the lowest flexural rigidity. As the pretwist angle 
increases the component of mode shape in tie zx plane increases. Hence the 
effect of shear and rotary inertia on the frequency parameter increases 
which results in decreasing the frequency parameter by a greater amount 
as the pretwist increases. The sixth mode of vibration consists of 
deflection in the zx plane, at zero pretwist, which isthe stiffest direc­
tion. As pretwist increases the deflection in the zy plane increases
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resulting in a lesser reduction in frequency parameter as the pretwist 
angle increases*
This is clearly shown in Fig. 5*10 where the ratios of frequency 
parameter of pretwisted Timoshenko beam to pretwisted classical beams are 
plotted for the first six modes. In the curves for the first, third and 
fifth modes, in which the mode shapes are in the zy plane at zero pretwist, 
the ratio of frequency parameters decreases with pretwist angle showing an 
increase in the effect of shear deflection and rotary inertia. In the 
curves for the second, fourth and sixth modes, in which the mode shapes 
are in the zx plane at zero pretwist, the ratio of frequency parameters 
increases with pretwist angle showing a decrease in the effect of shear 
deflection and rotary inertia. This phenomena can be termed the coupling 
due to the shear deflection resulting in the increase of one frequency and 
the decrease of the other frequency.
The ratios of X of the Timoshenko beam to the classical beam 
plotted for various modes and different size factors are shown in Fig. 
Since the frequency parameters of the pretwisted tapered beam are obtained 
by the extrapolation of results from relatively low order (36^ 20 and 24) 
matrices the curve does not converge to unity for small values of /
i 2i
Instead the curve tends to be asymptotic to the vertical axis, \ AL , 
especially for larger values of pretwist angle. The coupling due to 
shear deflection and rotary inertia is clearly shown by the increase and 
decrease of the ratios of frequency parameters in various modes.
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CHAPTER 6
TORSIONAL VIBRATION OF SLENDER BEAMS
251
6.1 Introduction
Torsional vibration of long slender beams of rectangular cross- 
section is investigated in this chapter. All the beams have square root 
section with the depth and width tapers varying over a range of -0.75 "to 
1 .0. The beams are assumed to execute torsional vibration independent of 
any bending vibration. One end of the beam is fixed and the other end is 
free,thus farming a cantilever*
Simple assumx^tions are made in the theory such as plane cross- 
sections remain plane during torsion, thus eliminating the effect of warping 
of cross-sections. The equation of motion governing the vibration would 
then be similar to that of circular bars except that the stiffness of the 
cross-sections are not proportional to the polar moment of the area.
In this chapter an expression for the 'shape factor' of the 
cross-section is derived and compared with the results of other investiga­
tors.
The torsional vibration of rectangular cross-section beams is 
investigated by the finite difference method. The results obtained by this 
method are compared with the exact algebraic solutions for a uniform rec­
tangular beam, in order to establish the accuracy of the results obtained.
The beams tapered in depth but of constant width are investigated 
and results of frequency parameter ratios and mode shapes of the first five 
modes are presented.
The analysis is then extended to the study of the torsional 
vibration of beams tapered both in width and depth. The frequency parameters 
and mode shapes of the first five modes are presented. The special case of 
beams of equal width and depth tapers is also investigated and the results 
compared with those obtained by other investigators. The results show 
very close agreement up to the f ifth mode investigated.
6.2 Torsional Stiffness
The elementary theory of twist of a circular bar developed by 
Coulomb based on the assumption that cross-sections of the bar remain
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plane and rotate without any distortion during twist gives, for equilibrium 
of the bar
o -r d©T a G 1 —  p dz
This equation can be rewritten as
^ d9 T s C -7- dz
where C a 6 I
P
These assumptions are not correct for the torsion of rectangular 
beams. Saint-Venant assumed that the deformation of the twisted beam con­
sists of
(a) rotation of the cross-section of the beam as in the 
case of a circular bar, and
(b) warping of the cross-section which is the same for 
all cross-sections.
Using these assumptions the torsional stiffness of the rectangu­
lar beam as derived in equation A.42 is
C = G ~  b3c(i - ~  ~  ----— t- tanh(2n+l) )
3 V tu ° n i  (2n+l) 2 b /
* G.J
a
where J = ~ b3c (l - tanh (2n+l) 'y
3 V  it5 C S'O (2n+l) 2 b "'
* b3c S
a
where the stiffness factor S s -  1^ - —  .. tanh(2n+l) 'j
3 n5 ° n=0 (2n+X)5 2b >
6.1
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The stiffness factor S is dependent on the width to thickness 
ratio of the cross-section and the relationship is shown in Fig# 6.1.
Inertia Factor
b and c is
I
P
be3 + ]£c 
12 12 b3c Vb
« b3c Ky
1 cwhere the inertia factor K = ~  ^ + l )
b
6.2
Fig. 6.2 shows the variation of inertia factor with the width 
to thickness ratio .
Torsional Shape Factor
The equation of dynamic equilibrium of a bar vibrating in a 
torsional mode as derived in equation A.79 is
For a beam of uniform cross-section, assuming a simple harmonic 
motion of circular frequency p,the equation A.79 becomes
■ £ ( ' » & )
d 0
0
where r— is termed as the ,ftorsional shape factor kM.I
P
From equations 6.1 and 6.2 the torsional shape factor k
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becomes
4[.l “ *^§   ? tanh(2n+l) ]
ic - f . ; - -------------------------------------!!  6.3
b
6.3 Torsional Vibration of Uniform Beam
The equation of motion of uniform beam from equation A. 72
becomes
,2 2
>  edz J
2
Expressing the equation in non-dimenslonal form by putting T) « ~ 
the equation of motion becomes
+ £ e = o ...................... ............ 6.4, 2 kdr)
where k is the torsional shape factor 
2l2
and p, = is the torsional frequency parameter*g vj
6.3*1 Exact solution
The solution of the differential equation 6.4 is
9 = AcoslK^)r) + Bsin^^)ri  .................. . 6.5
where A and B are constants which are to be determined from the boundary 
conditions.
For a beam clamped at one end and free at the other end the 
boundary conditions become
0 = 0 at T) = 0
and 4^ = 0 at n = 1 •••••••••••••.«••• 6.6dr) 1
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Since a solution other than the trivial one where A = B = 0 
exists from boundary conditions of equation 6*6, the solution from 
equation 6*5 becomes
CosV(k ) = 0
that is, "][( j- ) = (2n+l) ~  for n » 0, 1, 2
or
2 ' .
p. == k[ (2n+l) ■?]. for n a 0, 1, 2, .*..* 6*7
For a square cross-section the value of k from equation 6*3 is 0*846*
&
k
value of p, for a square cross-section beam are shown in Table 6*1 for the
The values of f- for any uniform rectangular cross-section beam and the K
first five modes#
6*3*2 Finite Difference Solution
The finite difference method is employed in the solution of the 
equation 6*4 in order to ascertain the accuracy of the method by comparing 
the eigenvalues obtained with the exact solution*
By dividing the range of the aquation 0 — t) ~ 1 into n equal parts 
each of step length and using finite difference relationships given
in Appendix VIII, the equation 6*4 is transformed into n linear simultane­
ous algebraic equations, namely:
1 ( 0  , — 20 + P ©  t _ v r a—  ' r+1 r r-1' + ~ r = 0 , (r = l,2,3,..0n) .*** 6*8
ha k
This reduces to an eigenvalue problem subject to the boundary conditions
0 = 0  and 0 , = 0 _ •o n+1 n-1
The equation is then solved by the iteration procedure outlined 
in Appendix VII* The eigenvalues obtained by extrapolating from the 
values obtained from three successive matrix sizes (n=10, 20, 30) are shown 
in the fourth column of Table 6*1*
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Torsional Frequency Parameters of Uniform Rectangular
Beams
Mode
No.
EXACT SOLUTION FINITE DIFFERENCE METHOD
u/
p/k ]L for square 
cross-section
p. for square 
cross-section
Percentage
error
1 2.4674 2.0874 2.0812 -0.29
2 22.2066 18.7867 18.7305 -0.29
3 61.6850 52.1855 52.0135 -0.30
4 120.9026 102.2856 101.9765 -0.30
5 199.8594 169.0811 168.5721 -0*30
TABLE 6.1
6.4 Torsional Vibration of Beams Tapered in Depth
The beams are assumed to have a square cross-section at the 
fixed end. When the beam is tapered linearly from the root to the tip in 
width or dexath the cross-section at any distance z from the root becomes 
rectangular whose width to depth ratio varies along the length of the 
beam. Hence it is necessary to compute the torsional shape factor at 
every cross-section along the length of the beam.
At any cross-section the extreme fibres are not parallel due to 
the taper. From elementary analysis it is evident that the stress distri­
bution in the cross-section is different from that of the cross-section 
with parallel extreme fibres. The maximum angle between the extreme fibres 
in the beams in the range of tapers considered is less than 1.5°.
45Timoshenko in analysing the torsional problems of bar of non­
parallel extreme fibres has pointed out that the variation of torsional 
stiffness is negligible for small variations from parallel fibres.
Considering a beam linearly tapered in depth subjected to 
torsional vibration the equation of motion from equation A.72 becomes
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2 2d . T d9 . p I L p . _-r- (GJ —  ) + P 9 = 0
dt) drj 1
Substituting for J from equation A.4l and for I in terms of depth at any*
P
section the equation of motion becomes
a
d r6 be /, . k_ \3 /, *92 c ,, e x XT' 1 , . (2n+l 7Ub \ d© -j
5 ? c ~  <» - - 7  • “ “  ’ s J
-f (1+5t})^  + ~ ~  (1+6t)) ] p2L2p 6 = 0
g
On simplification this equation becomes
a
4 [ ! .  m  £  (X+8,) — 1—  tanh f  3
 « 5 _ b_ n=0 (2n+X) 20 (1+6^ .2d 0
2 2
[ x * \  - V ]
c (i+6n)
12- 6 192 48 6
C\l'
l(l+6n)r 1+ ■■■   -x- 1 3tc5 trl+ b2 X t /  (2n+I)5
o2 (X+6t)) [of n=0
A , 2n+l) TCb 6 (l+6n) n b 6tanh —r— tz— rrv —     >  y --------- ;
C + r 1+ 1 -1 n=0 (2n+l) C (l+6rj)'
c2 (l+6r})2
Sech2 i ^  0 = 0   6.9
2c (1+6t]) dt] gG
This equation is of the form
d©
drj
2
^(fj) ^-f + 02 (tj) * 0     6.10
dt)
where (*}) and 0O (n) are functions of rj obtained from equation 6„9<
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Equation 6*10 is a second order differential equation with 
variable coefficients* Using finite difference relationships for 
derivatives the equation 6*10 is expressed as an eigenvalue matrix equa­
tion and the eigenvalue and eigenvectors are obtained by iteration 
procedure given in Appendix VII. Figs* 6*4 and 6*5 give the frequency 
parameters and mode shapes of the first five modes for various depth 
tapers.
6*5 Torsional Vibration of Beams Tapered in Width and
Depth
The introduction of taper in width and depth changes the width 
and depth of the cross-sections along the length of the beam. The equa­
tion of motion derived in equation A*72 then becomes
d L  b3c /, „ x (, 192 b'U+Pn) ^  1 , . (2n+l>7cc (l+6n)X\
«  “ —  1‘ T - w l . 7 ^ 7  — r - b - i r * ; -
pL2p29 = 0
1 3 . 3
lx) + I§~ (1+N H 1 +6t))3 + (1+Pt])(1+&t))3
J
This equation simplifies to
4 „ (l - 192 b (l+pn) ^  1 , (2n_+l) tcc (l+6n) d2Q
, 0 1 +63). / c ( l +5,) - 0(2n+1)5 a 2 b T T ^ t r  dn2
b 1+pr)
f_i r6 + 3B M a i  _ J2Z2 a  s _  ^  l _
I (l+6n) *• 1+Pn 1 K5 C T^ ) llo <2n+l)5/ c i+5n \ 2 j 1 11
\b 1+prj J
(2n+l) % c l+6r)tanh • —    rr T""n2 b 1+pt)
768 _b 1 c 7t 6-(3 „ .2 2n+l c. (l+6t)) dQ
n5 c (l+pi])(l+6ti) ^ j , b 2  (2n+l)4 e° 2 b d +Pn) j dii
2 2
+ q 0    6.11
contd. on p260
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This equation can be rewritten for clarity in the form
0 (6.12)
where 0^ (r)), ^ ( t)) are coefficients of and —  in equation 6.11 and
p. is the torsional frequency parameter.
U sing simple finite differences and the boundary conditions
© =s 0 at r) sr 0 
d©and ~r“ = 0 at T] = 1dr) 1
the equation 6.12 is reduced to a number of linear simultaneous algebraic 
equations which is best expressed in the matrix form
ratio of the eigenvalues of equation for a tapered beam to the lowest 
eigenvalue obtained from the equation for a uniform beam are given in 
Fig. 6.6 for the first five modes. The mode shapes of the first five 
modes for various depth tapers of beams with width tapers (3 =-0.5 and 0„5 
are given in figs. 6.7 and 6.8. Fig. 6.9 shows the mode shapes of beams 
whose depth and width tapers are equal.
[M] \ v }  -  [ V j 6.13
where £ M J is a tridiagonal bond matrix of order n,
jVj is a column vector in 0^ (r « 1,2, ... n) 
p. is the torsional frequency parameter.
Equation 6.13 is solved for eigenvalues -p, and eigenvectors 
o iVjby the iteration technique given in Appendix VII.
The torsional frequency parameter ratios obtained from the
6.6 Discussion of Results
6.6.1 Introduction
The torsional vibration of rectangular cross-section beams are
governed by equations similar to the ones that predict the vibration of 
circular bars except that a torsional stiffness factor has to be introduced 
to account for the different stress distribution over the cross-section 
depending on the width to depth ratio of the cross-section,, The ratio of * ' 
the stiffness to the polar moment of area of the cross-section varies as the 
width to depth ratio increases* The shape factor approaches zero assympto— 
tically as the width to depth ratio increases*
The first part of the discussion deals with the shape factor of
the cross-section. Comparison is made between the formula derived in
46Appendix II and Roark’s formula for shape factor*
The second part deals with the method of solution, of the eq.ua—
tion of torsional vibration of the beam* The finite difference method is 
used to solve the equation of torsional vibration of a uniform rectangular 
beam as an algebraic solution of the equation is available. The results 
obtained by the finite difference method are compared with the algebraic
solution in order to establish the accuracy ofthe method.
The third part deals with the vibration of tapered beams which 
are further classified as beams with taper in one direction only, with taper 
in both depth and width and with equal width and depth tapers*
6*6.2 Tprsional stiffness
The torsional stiffness factor S in equation 6.1 is 3hown in 
Fig* 6*1 for various width to depth ratio of the cross-section* For large 
values of width to depth ratio the factor approaches 1/3* The figure 6*2 
shows variation of the inertia factor K with width to depth ratio* The
inertia factor tends to infinity for large values of width to depth ratio*
3Hence the shape factor k (= v?) approaches zero assymptotically as the width 
to depth ratio of the cross-section increases. This is shown in Fig* 6*3"
46Roark gives a rigorous solution of the shape factor for a 
square cross-section and gives for a rectangular cross-section, an approxi* 
mate formula namely,
2 . 6
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stating that the error involved in using this formula is about 4%. Putting
— =s 1 the value of k reduces to 0.845- This compares with the value given 
47by Pickett and the equation 6.3 both of which give 0.843 and 0.846 
respectively for k for a square section.
The shape factor obtained in equation 6.3 is shown in Fig. 6.3
for various width to depth ratios. The approximate values obtained from 
46
Roark's formula in equation 6.14 are also shown in the figure. It can 
be seen that the agreement is so close that no difference is noticeable on 
the graph between the results from equations 6.3 and 6*14. However, for 
the analysis of torsional vibration the values of shape factor are com­
puted from equation 6.3 as the computer works to an accuracy of eight 
significant digit and it is desirable to keep to this accuracy to limit 
the rounding off errors.
48The formula for k given by Cady although of a different
4 7form, gives results similar to those obtained by Pickett .
6.6.3 Uniform Beam
The equation of torsional vibration of a uniform rectangular 
cross-section beam is identical to that of a circular cross-section bar 
except that the shape factor k is unity for the circular cross-section.
The exact algebraic solutions of a circular cross-section bar are then 
modified by selecting the value of k that corresponds to the width to depth 
ratio of the rectangular cross-section beam.
Table 6.1 shows in column 2 the value of torsional frequency 
parameter for a circular cross-section bar and in column 3 To** a square 
cross-section beam using a value of 0.846 for k.
The frequency parameters obtained by solving the equation of 
torsional vibration by the finite difference method using three successive 
sizes of matrices (n a 10, 20, 30) and extrapolating from these results 
are shown in column 4 of Table 6.1. The percentage errors in the results 
obtained by the finite difference method as compared to the algebraic 
solution are given in column 5 the table* The percentage errors do not
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vary greatly up to the fifth mode and remain at the order of 0.3% • This 
can be improved by taking a higher order of matrices in obtaining the fre­
quency parameters. However it was considered to be satisfactory to limit 
the analysis to a maximum matrix size of order 30. Although the higher 
order matrices may improve the accuracy the time taken by the computer 
would be very much increased.
The finite difference method therefore is considered to be a 
very good and accurate method to be used in the analysis of torsional 
vibration of beams. The addition of taper on the beam does involve the 
computation of the stiffness factor and inertia factor at each of the 
cross-sections at the intervals of the step length selected in the finite 
difference relationships.
6.6.4 Beams Tapered in Depth
Beams considered have a square cross-section at the root and 
have constant width along the length of the beam. The depth of the beam 
is varied linearly from the root to the tip section.
Pig. 6.4 shows the variation of the torsional frequency 
parameter ratios of beams with various depth tapers. The frequency para­
meter for the first mode decreases as the depth taper increases* But for 
successive higher modes the frequency parameter ratios have maximum values 
at about zero depth taper.
The frequency parameters of beams depends on the shape factor 
of the cross-section. The shape factor has a maximum value when the cross- 
section is a square. Thecross-sections of a beam is a square when the 
depth and width tapers are equal. The beam is of uniform square cross- 
section when the depth and width tapers equal zero, and the shape factor 
has a maximum value. Therefore the frequency parameters have maximum 
values for zero depth and width tapers. This can be seen from Fig. 6.4, 
for the second and higher modes. The shape factor decreases as the shape 
of cross-section changes from a square to a rectangle. This decrease in 
shape factor decreases the frequency parameter for both positive and 
negative depth tapers. Thus, the frequency parameter plot against depth
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taper shows a maximum value for zero depth taper.
Fig, 6,5 shows the mode shapes of the first five modes, for 
various depth tapers. The relative amplitude of vibration increases as the 
depth taper increases, for all five modes shown in the figure. As the depth 
taper increases from a negative value to zero the nodal positions and the 
position of the maximum amplitude gradually move towards the root section.
The nodal and maximum amplitude positions become the nearest to the root
for a zero depth taper* As the depth taper increases from zero the nodal
and maximum amplitude positions move away from the root section,
6,6.5 Beams Tapered in Width and Depth
Beams considered in this section have square cross-sections at 
the root and the width and depth tapers vary over a range from -0,75 to 1.0. 
The frequency parameter ratios of beams of various depth and width tapers,
for the first five modes are given in Fig. 6.6.
The frequency parameter ratios of the first mode for any width 
taper decreases as the depth taper increases. Also for any one depth taper 
the frequency parameter ratio decreases with width taper. Hence the plot 
gives a family of curves for various width and depth tapers without any 
intersection of the curves. The -variation in the frequency parameter is 
more marked as the depth taper increases for a beam of width taper ~0.75»
As the width taper becomes positive the variation of frequency parameter 
with depth taper decreases and for large depth tapers the variation becomes 
very small.
For the second and higher modes the family of curves of frequency 
parameter ratios of beams of various depth and width tapers cross each 
other. Each of the curves obtained for a constant width taper but various 
depth tapers show a maximum value of frequency parameter when the depth 
taper and width taper are equal. This is clearly seen by referring to the 
Fig. 6.6 for higher modes.
Since the shape factor of the cross-section becomes a maximum 
for a square section, and the frequency parameter becomes a maximum for a 
maximum shape factor, the maximum frequency parameter for a beam of given
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width taper would be when the depth taper becomes equal to the width taper 
for then every cross-section of the beam would be square*
Fig* 6*7 shows the mode shapes of vibration of a beam with 
width taper -0*5 for various depth tapers, for the first five modes* The 
relative torsional displacement increases as the depth taper increases for 
all the five modes* The nodal position and the position of the maximum 
displacement becomes nearest to the root when the depth taper is -0*5*
For any other depth taper the positions of nodes and maximum amplitude 
moves away from the root cross-section*
Fig* 6*8 shows the mode shapes of the first five modes of 
torsional vibration of a beam with width taper 0*5 for various depth 
tapers. The relative displacement increases as depth taper increases*
The increase in the relative disxjlacement is more marked than for a beam 
with width taper **0*5• The positions of nodes and maximum displacements 
are nearest the root for a beam of depth taiDer 0*5* For other depth 
tapers these positions move away from the root section. The cross-sections 
are square when the depth taper and width taper are equal to 0*51 giving 
the maximum shape factor and frequency parameter*
6*6.6 Beams with Equal Width and Depth Tapers
It can be seen from sections 6,4 and 6*5 that the frequency 
parameter of a beam with given width taper has a maximum value when the 
depth taper becomes equal to the width taper. For beams with equal width 
and depth tapers the cross-sections are square. Hence the shape factor 
at every cross-section is the same.
The equation of motion A.72 for a constant shape factor
P
2 2d { J d0 \ J £  L_ p 0 _
dr] clrj k g G
Since the width and dexith at each of the cross-section are equal but
4
changing with length, J from equation A.42 becomes proportional to ra 
where m is a side of the square cross-section*s Hence the equation of
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motion can be rewritten as
4 4d . m d O . m u ©
«?( *?) + k ■ 0
51This equation is then the same as the equations derived by Fettis for
the torsional vibration of tapered cantilevers of circular cross-section*
51The equation is solved by Fettis giving a transcendental equation as 
the characteristic equation, Ha solved the characteristic equation for 
some value® of taper;
The frequency parameters obtained by solving the equation of 
motion 6,11 for equal width and depth tapers by the finite difference method 
is shown in Fig, 6,9* For the first five modes presented the frequency 
parameter gradually decreases with taper. The decrease in frequency para­
meter becomes negligible for higher modes especially for large tapers.
The frequency parameter obtained by Fettis ^  is also shown 
in the figure. Very good agreement between the present results and Fettis^ 
results are noticed for all the modes presented*
The mode shapes of the first five modes of torsional vibration 
of beams with equal width and depth tapers are shown in Fig, 6J.0, The 
relative amplitude increases as the taper increases, for all the modes. The 
positions of the nodes and the maximum amplitude do not change with tapers,
51The mode shapes obtained by Fettis for taper -0«5 and 1,0 
are also shown in Fig* 6.10, Close agreement is shown between these 
results and the results of the author's analysis.
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CHAPTER 7
TORSIONAL VIBRATION OF PRETWISTED BEAMS
305
7*1 Introduction
Torsional vibration of pretwisted beams of rectangular cross- 
sections are investigated in this chapter. The stiffness of the beam 
ip. torsion is seen to increase when the beam is pretwisted. This increase 
in stiffness is caused by the appearance of secondary longitudinal stress.
The correction in the torsional stiffness of a rectangular 
cross-section beam is derived in this chapter by a different approach and 
a result is obtained similar to the one given by Carnegie The
assumption that the cross-section is thin is not made and hence the final
. «58expression obtained differs from that of Carnegie ^ .
The frequency parameters of the first five modes of torsional 
vibration of rectangular cross-section beam, using the stiffness correc­
tion derived in this chapter, is compared with the results obtained by
pQ jpp
using Carnegie - Chen Chu correction. The results are also compared 
with the experimental results.
The analysis is further extended to tapered beams of rectangular 
cross-section and the results obtained are presented.
7.2 Torsional Stiffness of a Pretwisted Beam
Consider in Fig. 7*1 the fibre AB which when pretwisted takes 
the position AB* and when further elastically twisted the position AB”. 
Elongation in the fibre = AB” - AB’ in elastic torsion
« AB*f(l+ tan^(a+0)r)- AB][(l+ tan^ar)
* AB [ (ar)(0r) + J (0r)S ] + •••••
2
Strain in the fibre a (ar)(0r) + J(0r) + ....
2Stress in the fibre = Ea© r where 0r —>• O
The resultant longitudinal force over the cross-sectional area is zero 
since the longitudinal vibration is ignored.
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c , aHence j ( E r a ©  + Const) dA = 0
JA
That is to say Ea© I + A Const = 0
P
Therefore Const = - Ea© I
JEL
A
/ o
The stress along the spiral fibre a Ea© j r - I
A
The component of the force in the cross-section is
Ea© (r2 - ) ardA
A
Hence the additional torque T^ due to these components is given by
2^ { / 4 I 2 VT2 a E a ©  \ / r ~ - ~p r J dA
V  a  y
Rectangular Cross-sections
Applying this general result to a beam of rectangular cross- 
section of sides b and c
,b/2 ,c/2
22
T2 « Ea ©
-b/2 J -c/2
L 2 2. 1 / 2  2. ]
|(x +y ) - _j> (x + y )J dxdy
Integrating and substituting for 1^ and A in terms of b and c the
additional torque T becomes
2
T0 = Ea2 ©be <b4+ c4)
180
Hence the additional stiffness to be added to that based on the Saint* 
Venant's theory is
Eg^ bc(b4 + c4)
180
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The total stiffness of the pretwisted rectangular beam becomes
Gb^c \ f 192 b s— • 1 . . /^  .v it bl „ 2 2C = —  'i 1 - — *r >  =■ tanh (2n+l) 77 — \+ Eg b
I (2n+1) 2 ° J G60
4
-\ + 1
lb/ j
- Gb^c (Sx + S2)
where is the torsional stiffness factor due to Saint-Venant stress 
distribution and is the additional stiffness factor due to pretwist. 
The additional stiffness factor is shown in Fig. 7.2 for various width 
to dex>th ratios of cross-sections and various pretwist angles*
The shape factor of the cross-section then becomes
•» n o  , &  , , „  2  2  4r-« 192 b -it.' X , - i / r >  \ ^ ^ n E (X b r ,  /C^  i
t 1  5 c J 2  ----------- 5 tanh* 2n+1> 2 + G ~5o~t 1+ (b ) Jk = t?  c n=P (a n ti)-’ _________2 c 1:1 ° °  °
. a .
4 C1+ <b> J
= k^ + k^ 7.2
where k^ is the torsional shape factor due to the Saint-Venant stress 
distribution and k_ is the additional shape factor due to pretwist,
a
7*3 Torsional Vibration of Pretwisted Uniform Cross-section
Beams
The torsional equation of motion of a pretwisted beam of uniform 
rectangular cross-section, ignoring higher order terms, is similar to the 
equation 6 .4 except that the value of shape factor k has to be obtained 
from equation 7*2 for the width to depth ratio and pretwist angle of the 
beam.
Since the cross-section is uniform,exact algebraic solutions 
are available and the results are as given in the second column of 
Table 6.1. The equation is also solved by using finite difference method 
using the modified shape factor k allowing for the increase in stiffness 
due to pretwist.
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The results for frequency parameter ratios obtained for the
first five modes of a uniform cross-section beam of width to depth ratio 
of 8 for various pretwist angles are shown in Fig. 7.3.
along the length of the beam the cross-sections have the same shape factor 
for any one rate of pretwist* Hence the frequency parameter ratios for all 
the modes can be expressed as in Fig. 7.4 as a plot of the ratio of fre­
quency parameters of a pretwisted to non-pretwisted beam of the same 
cross-section* Fig* 7*4 also shows the results obtained by using the
52 58correction m  stiffness due to Chen-Chu and Carnegie , and the 
experimental results* The experimental results were obtained for the 
first two modes of vibration of a beam of cross-section 1 in by 0*125 in 
and 10 in long.
twisted to non-pretwisted square cross-section beam for various modes*1
When a beam is taioered the cross-sectional dimensions change 
along the length of tie beam. This change in cross-sectional dimensions 
caiiSes the shape factor of the bross-sectiOn to bhange along the length
As the cross-sections and rate of pretwist remain uniform
Fig* 7*4 also shows the ratio of frequency parameters of pre-
7.4 Pretwisted Tapered Beams
of the beam* The equation of motion of torsional vibration of a pre­
twisted tapered beam then becomes
a
5 c l+brj n=0 tanh(2n+l)'
0
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On simplifying and rearranging the equation becomes
f
U -i2f! i±jja _J__^tanh(2n+1)|b
i 71 ° 1+6T> Z o (2n+l) 2 c 1+fel1+tel±2a\
ib i+pn/
+ E«3b2 (1+Pt,)2 I /c l+6n)a i ~I £
60G 1+tb I (
j /!§_
i+ /'£ Ai£n V  ] i i+Pif i+fiy 
\b 1+pr, ) I ^
1+13,1' J i an 
1_ ^ 7 1 7 6 ^  2 . 7 1 ^ ) 5  tanh(2n+1)f|
•Jt 1 n=0 '
2 2, .2 
Eg b (l+3n)
60G 1 +
l+5rt \ 
b 1+Prj /
W
oc
_ 192 b 1+lQ. ffi----- 6_^ _1----- tanh(2n+l)
x’ c l+6 n ( l ^  l+6lj/Z (2n+i)5 2 o l+6i,
n=0
OC
- t- \  rr!4/-Hr " t4-^>’ -jl— l sech2(2„+i)| £ iifa
-4 _2 (l+6t)) !xl+pti 1+6r)y^o (2n+l) C 1+511ic c
+ ^  2p(1+pt>)
i+ /£ ii±IL"S ii£a -
\b 1+pT] ) I p l+6t] ] J
d©
dr\
6t)
+ ]i9 s O
7.3
Using finite difference relationships the equation 7*3 is trans­
formed into a set of linear simultaneous equations and is expressed as a 
matrix equation whose eigenvalues and eigenvectors are evaluated using the 
iteration procedure given in Appendix VII*
The frequency parameter ratios of the first five modes of
t
torsional vibration of a tapered beam for various pretwist angles are 
shown in Fig* 7*5.
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7.5 Discussion of Results
The discussion of results is divided into three parts. The 
first part deals with the increase of stiffness due to pretwist. The 
second part discusses the effect of pretwist on the vibration of a uniform 
beam$ two different cross-sections are considered. The third part con­
siders the effect of pretwist on the vibration of a tapered beam.
7*5*1 Torsional Stiffness
The additional torsional stiffness of a rectangular cross- 
section beam increases as the pretwist increases. For any cross-section 
the additional stiffness if proportional to the square of the'rate of pre­
twist* The additional stiffness for any pretwist is a function of the 
square of width and the square of width to depth ratio of the cross-section. 
For large values of width to depth ratio the additional stiffness factor 
tends to be proportional to the product of the square of width and square 
of width to depth ratio of the cross-section as can be seen fi*om equation 
7.1.
Fig. 7*2 shows the variation of additional stiffness with width 
to depth ratio for various pretwist angles * where the width is assumed to 
remain constant as the depth varies. For large values of width to depth 
ratio and pretwist angle the additional stiffness becomes comparable to the 
stiffness factor due to shear stress distribution. At 90° pretwist over 
the length of the beam for a width to depth ratio of 5 the additional 
stiffness factor is about 3% of the stiffness factor at zero pretwist. But 
as the width to depth ratio increases further the additional stiffness 
factor increases rapidly while the stiffness factor at zero pretwist 
reaches assyraptotically a value of ~  • Hence the ratio of additional 
stiffness to stiffness at zero pretwist increases rapidly for any pretwist 
as width to depth ratio increases.
7*5*2 Torsional Vibration of Pretwisted Uniform Cross-
Section Beam
Since the torsional stiffness increases with pretwist the strain
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energy of the beam in vibration increases while the kinetic energy remains 
unchanged. This results in an increase in the frequency of vibration of the 
beam as the pretwist angle increases* For a uniform cross-section beam the 
additional stiffness is constant for every cross-section for any pretwist 
angle* Hence this increase in stiffness results in an increase in the 
shape factor of the cross-section*
Using this modified shape factor the results for the frequency 
parameter ratio of a beam of width to depth ratio of 8 shows very close 
agreement with the experimental results as seen from Fig. 7*4* The ex­
perimental results are a little higher than the theoretical results pre­
dicted. However the difference in these results is less than 0.6%.
The results obtained by using the expressions for stiffness
e O  r p
given by Carnegie and Chen-Chu are higher than the experimental ones
and those derived in this chapter* The difference become more marked as
o 52the pretwist angle increases* At 90 pretwist the results of Chen-Chu
58and Carnegie are 2.6% higher than the present results and 2% higher than 
the experimental results*
The ratios of frequency parameters of the pretwisted to the non- 
pretwisted beam given in Fig* 7*4 are also the ratio of the shape factors 
of the pre twisted to non-pretwisted beam.
Beams of square cross-beetion show very little variation in fre­
quency of torsional vibration with pretwist. As can be seen from Fig* 7-2 
the increase in the torsional stiffness factor for a square section is very 
small with pretwist. At 90° pretwist the increase in torsional stiffness 
factor is only 0.0007 while the stiffness factor at 0° pretwist is 0.14* 
Hence for a square cross-section beam the ratio of torsional stiffness at 
90° pretwist to 0° pretwist is 0.1407 to 0*1400 which is 1.005 to 1.000. 
Therefore the error in ignoring the effect of pretwist on frequency para­
meters would be of the order of 0.5% for all modes. This can be clearly 
seen from Fig. 7.4 which shows the frequency parameter ratio plots for a 
square cross-section beam* The experimental results obtained for a uniform 
\ in by \  in square section and 10 in long beam agreed very closely with 
the theoretical results.
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7*5*3 Torsional Vibration of Pretwisted Tapered Beam
When a tapered beam is pretwisted the change in width to depth 
ratio of cross-section along the length of the beam causes the additional 
stiffness factor to vary along the length of the beam.* The torsional 
stiffness factor at any cross-section for a pretwist angle is then the sura 
of the torsional stiffness factors given in Figs* 6.1 and 7*2, and is also 
given by equation 7*1*
The ratio of frequency parameters of a pretwisted to a non- 
pretwisted beam for the first five modes of torsional vibration is shown 
in Fig. 7*5 for a beam with (3= 1*0 and 6 - -0*75* The ratios of frequency 
parameter increase with pretwist angles for every mode. This is expected 
since the torsional stiffness of the beam increases with pretwist.
The ratio of frequency parameters of the beam for any one pre­
twist angle increases as the mode order increases. This result differs 
from that of a uniform beam where the ratio of frequency parameters re­
mained constant with mode order, for any one pretwist, as can be seen from 
Fig. 7*4. Since the torsional stiffness of the tapered beam changes along 
the length of the beam the strain energy of the beam is dependent on the 
position of nodes and antinodes of the mode shape. For the beam considered 
in Fig* 7*»5 the width to depth ratio increases from unity at the root to 8 
at the tip. Hence the additional torsional stiffness due to pretwist 
increases near the tip section much more than at the root section. As 
the mode order increases more positions of maximum amplitudes occur near 
the tip section giving increased strain energy due to pretwist. Hence the 
ratio of frequency parameters of a pretwisted to a non-pretwisted beam 
increases as the mode order increases.
The percentage increases in the ratio of frequency parameters
o
for the beam considered in Fig. 7*5 for a pretwist angle of 90 are 0.12, 
0.4l, 0.45, 0.54 and 0.68 respectively for the first five modes. Hence 
for a beam of root width to depth ratio of unity the error involved in 
ignoring the effect of pretwist on the frequency of torsional vibration is 
less than 1% up to the fifth mode. However, the effect of pretwist on 
tapered beams of large root width to depth ratio may be large enough to be
313
considered*
The experimental results obtained for a beam of root cross- 
section 1/4 in by 1/4 in and 10 in long agree very closely with those 
obtained from the theory. The experimental results for the first three 
modes are presented.
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CHAPTER 8 
TORSIONAL VIBRATION OF SHORT BEAMS
8*1 Introduction
The assumption that plane cross-sections remain plane in the 
torsional vibration of long slender beams is not true for beams of non­
circular cross-sections# The cross-sections are deformed into curved 
surfaces during torsional vibration# The longitudinal displacement of ele­
ments in the cross-section depends on the torsion function and the torsional 
displacement# This longitudinal displacement of elements or fibres intro­
duces strain energy due to the introduction of stress in the fibre and 
kinetic energy due to the rate of change of this displacement#
This additional kinetic and strain energies become more appreciable 
as the total length of the beam becomes small in comparison to the cross- 
sectional dimensions of the beam# For very long slender beams this addi­
tional effect may be negligible but for beams of short length the correction 
in the frequency due to these energies must be included*
The equation of torsional vibration including the stress and 
inertia effects due to warping of the cross-section are derived in this 
chapter# The equation is solved using finite difference approximations for 
tapered beams with different width and depth tapers including beams of 
uniform cross-section*
8°2 Equation of Motion
Since the rectangular plane cross-sections of the beams are 
deformed into curved surfaces during vibration* additional stresses and 
displacements are produced in the cross-section* The total strain energy 
and kinetic energy should therefore include the energies due to this 
deformation.
Let 0 be the torsion function of the cross-section. Then the
d©longitudinal displacement of a fibre is 0 and the kinetic energy of the 
beam per unit length is
The stress produced due to a longitudinal displacement
rt.9> T~ 13d z £ 0
9
dz
The strain energy due to this stress ■ i \ E 02 f &&
'dV- f f
dz2 /
A-ics
P dxdy
The total strain per unit length of the beam is
02 dxdy* ej/jef + | ,2 \dz/ 2 . 2  J• dz /
Hence using Hamilton*s principle and proceeding as in Appendix IV, the 
equation of motion becomes:
dz
d~© j'
-II fdz I
„ , I d ' «vd9 \ p d ;dxdy i - -t- I GJ-r- j - «*-i dz -v dz / g d:
3
dJ9
3 d z ! dzdt2j P 9 dt2
8.1
The associated boundary conditions are 
d©0 = 0  and dz = 0 at Z s 0
d20
dz2
= 0 and — j El |0 dxdy d20 \
dza7 - GJ-
d©
dz = 0 at Z =5 L
• • •8.2
Assuming simple harmonic motion of. circular frequency p T the 
equation of motion can be written as
3 26
Neglecting the stress correction the equation 8,3 becomes
(GJ ff 02dxdy ) + I £ p20 = 0 8*4dz dz' g dzv dz r J' p g
The boundary conditions are then
dQ
0 = 0 at .2=0 and -  = 0 at 2, = L .............8,5dz
Neglecting the inertia correction the equation 8,3 reduces to
firs ? * « * ) - h i * 3f ) - 1^ 6 = °  * 8-6dz dz
The boundary condition is given in equation 8.2.
Letting T) = ~ and dividing through by G I , the equation L p
simplifies to
9tm (//02dxdy) + 2© (//02dxdy) + 0 (// 02dxdy)”]
p GL
- i -  j e "  + j ' e  -  v [ -  ( S j f ^ )  e„ .  a ] ,  o
P p L p L
 ........ 8.7
,2 2nT, r»
where p, = £i-2-   8.8Gg
Letting4T\= ff 0^dxdy and dividing the range of the equation 
0 < T) < 1 into n equal parts and using finite difference relationships 
for the derivatives of 0 the equation becomes
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2Ai j
+ „ 3 j © 2© + 2© — 0 .2h \ r+2 r+1 r-1 r-2 /
/ 0 - 20 + © ) J„ 2 \ r+1 r r-1 * !
1 i J
- I -  (e , - 2© + © , } + — /© , - © ,2 \ r+1 r r-1 / 2h \ r+1 r-1
P I &
©
I h2L2 V r+1
P
20 + © ' r r-1 y 2hl L
P
© - ©2i r+1 -.I
+  ©  t r-l/ r i
/
8*9
Grouping the terms, equation 8«9 can be re-arranged as follows, namely:
©r-2
E 1 / 2 0.*
GL2 Ip \ h4 2h3
+ ©r-1
E / 4 n  4fU ill1 \ i f
i -  n r  + j  + T V  + T ~ i -\ H Cnv* H - Vgl2i
p
J , Jl> \] 
p ' h2 2h
f E / 6^1 2D." 2 J
r  g l 2 i  ( h 4  " h 2  + I P  h 2
f e / 4 XL 4 ru mi \ i f  
+ r+1 U 2I l ' h 4 ' 2h3 + h2 i _ I p\- P
A r  E 1 . / A  2 1V \
r+2 [  GL2 *p ( h4 + 2h3 '
1J J»
> ~ 2 + ~  } I  \ h  2 h  / J
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k ^  — it . is u 9 2 2  2 + 9 \ 2 2^ r-1 \ I h L 2h I L / r \ h I L
L ' P P P
/ ^  1_____  -Qt N ]
+ © , ( 7 X2 T t2 ” o, T T 2 . ...............8-10r+1 V h I L 2hl L /
x p p 1J
Considering a beam of rectangular cross-section of sides b and c 
and with depth taper 5 and width taper {3 the torsion function at any seer
tion at a distance t) from the root section from equation A.43 is
2 2 <rr « Sinh ^2n+1)
^ 8c (l+6t)) (-1) ._______ c(l+5n) . (2n+l)7cx
“ ^  ’ ?  ^ 0  (2„+l)3 cosh(2n+1) 2. b O + M  Ein  c(X+6t|)
2 c (l+6r)>
Hence jy* 0^ dxdy =
5• be5 ,, „ w , „ ,5 f 1 rb (1+Bn) 5
4 r  <i*Pn)d*6n) ^ j C o T r ^ j r ^
;3tanh(2n+l)^ —
268 _ i   r 2 c °<1*8|i>
7C6 TSo (2n+l)6 \(2n+l) § £  Ifjfgjjj
+ tanll2 (2n+l) ~  ^  -
8*3 Torsional vibration of short uniform beams
For a uniform beam since the width and depth are constant along 
the length of the beam the equation 8.10 reduces to
9 _ E _ i _ £ i  + 9 ( J L _  . i f 1 , i - x
r-2 2 I .4 r-2' r_2_ .4 .2_ JGL p h GL I h h i
P P
^ ,63 2J ■ ^ ^ , 4E -O- J
+ V ~ 2 -- 4 + I---2 ) + r+1 ( 2---4 - ---2 )GL I h p h GL I h I h
P 1 P P
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+ ®r+2 — 2----- 4 “ vt © x ( -  2 2 ) + Gr  ( ~ — 2-+ X) + Gr + i  ( “ 2----- 2 )3
r+^ GL I h I h L r h i L r+1 h i L
P P P P
8.12
Assuming values of r si, 2, ...n the n simultaneous equation^ 
obtained from equation 8.12 and the boundary conditions in equation 8.2 can 
be expressed as a matrix equation of the form
= 0    . . 8.13
where A and B are square matrices of order n
f0 i is a column vector in 0i •* r
On premultiplying the equation 8.1 by A ^
C a-1b] ] e }  = |  So] ..................  8 .14
An iterative procedure given in Appendix VII is used to obtain the frequen­
cy parameters of the first five modes of torsional vibration. The equation 
8*14 is repeatedly solved for different values of n (= 10, 15$ 20) and a 
better approximation to the actual frequency parameter is obtained by 
extrapolating from these results by the formula derived in Appendix VIII*
The extrapolated results expressed as a ratio of the fundamental frequency 
parameter from the classical Saint-Venant theory, are given in Fig* 8*1 
for a uniform beam of width to depth ratio of 8.
The results obtained by ignoring the stress correction but 
including the inertia correction and by ignoring the inertia correction 
but including the stress correction are also shown in Fig. 8.1. These 
results are obtained by the solution of equations 8.4 and 8.6 respectively.
8.4 Torsional Vibration of Short Tapered Beams
Assuming a width taper (3 and a depth taper 6 the equation 8.10 
is repeatedly solved for different values of n (= 10, 15, 20) and an
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approximate value closer to the actual frequency parameter is obtained by 
extrapolating from these results* The effects of inertia correction without 
any stress correction is obtained by solving equation 8*4* The effect of 
stress correction without any inertia correction is obtained by the solution 
of equation 8.6.
The results obtained for two beams of different ratios of tapers 
are shown in Figs. 8.2 and 8.3.
8*5 Discussion of Results
8.5*1 Introduction
The frequency parameter ratios of the first five modes of a 
uniform beam are compared with the experimental results. The effects of 
stress and inertia correction, applied independently, on the beam frequency 
parameter are discussed.
The results of two tapered beams of different depth and width 
tapers are compared and the effects of stress and inertia corrections are 
discussed*
8.5.2- Uniform Beam
In the classical theory of torsional vibration the frequency 
parameter is independent of the length of the beam. For long slender 
beams the effect of warping stress and inertia of the cross-section would 
be negligible.
Referring to Fig. 8.1 for a beam of width to depth ratio of 8, 
the inertia correction alone decreases the frequency as the length of the 
beam becomes shorter. At a length of 2 inches the percentage decreases in 
the frequency parameters are 0.2, 0.6, 4, 5j 8 respectively for the first 
five modes.
The stress correction increases the frequency parameter of the 
beam. The increase in the frequency parameter is very rapid as the length 
decreases* The frequency parameter ratio also increases as the mode order
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increases. At 2 inches length the stress correction increases the fre­
quency parameter by 3 1? 66, 150, 218, 350 percent respectively for the 
first five modes.
Hence the inertia correction when compared to the stress correc­
tion is negligible for every mode* The combined effect of stress and 
inertia correction give results very close but a little lower than that 
with stress correction alone.
The experimental results obtained for the first fivemodes show 
good agreement with the theoretical results. The experimental results are 
all slightly less than the theoretical results* . However, the trend of 
increase of frequency parameter with decrease in length is well established 
by the experimental results. The difference between the theoretical and 
experimental results may be due to the root flexibility in the clamps. If 
the clamping is not rigid the effective length of the beam is increased 
thus decreasing the frequency of vibration. The assumption that warping 
of cross-section at the fixed end is fully resisted cannot in practice be 
attained by the clamping arrangement used. This will then result in a 
lower experimental frequency.
The effect of stress and inertia is then appreciable for short 
beams and at higher modes*
Since the cross-sectional dimensions of a tapered beam changes 
along the length of the beam the stress function at cross-sections along the 
length also changes. The stress and longitudinal displacement due to 
w*arping of cross-sections change along the length of the beam. Hence for 
the same root cross-section and length the stress and inertia correction 
to the frequency of torsional vibration would depend on the width and depth 
taper of the beam.
The effects of warping on tie first five modes of torsional 
vibration for a square root section beam and with the same width taper of 
0.5 and two depth tapers, 0.5 and 1.0, are respectively shown in Figs, 8.2
332
and 8.3*
Referring to Fig. 8.2 which gives the torsional frequency 
parameter ratios of a beam of square root section with equal width and 
depth taper of 0.5? it is seen that the effect of stress correction becomes 
very large as the length of the beam becomes small. The effect of warping 
stress on the beam is to increase the frequency of vibration. This effect 
becomes more marked as the mode order increases.
The inertia effect decreases the frequency of vibration and the 
decrease becomes more marked as the length of the beam decreases and as 
the mode order increases. This decrease in frequency issamll compared to 
the increase in frequency due to the stress.
Hence the net effect of warping stress and inertia correction is 
to increase the frequency of vibration of the beam as the length decreases 
and as the mode order increases* The increases in the frequency parameter 
ratio as compared to the classical Saint-Venant theory are 6, 6*8, 8.5? 12 
and 17 percent respectively for the first five modes for a length to root 
thickness ratio of 2.
Referring to Fig. 8.3? the frequency parameter ratio of a square 
root section beam with width taper 0.5 and depth taper 1.0 increases as the 
length decreases and as mode order increases, due to the combined effect of 
stress and inertia due to warping of the section. The percentage increases 
in the frequency parameters as compared to the classical Saint-Venant theory 
are 7? 9? 18, 29.2 , and 4l*2 respectively for the first five modes for a 
length to root thickness ratio of 2.
Kence from Figs. 8.2 and 8.3 it is seen that the increase in 
frequency parameter due to warping is more when the depth taper has a higher 
value. That is for beams of constant width taper, the effect of warping 
of the cross-section on the frequency of torsional vibration, increases as 
the depth taper increases.
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CHAPTER 9 
PREPARATION OF TEST BEAMS
349
9«1 Introduction
Ideally all the specimens should be machined out from one 
homogeneous solid to avoid any difference in the properties of the material# 
The beams in the experimental investigation are all machined from the same 
batch of J in square cross-section uniform bars of mild steel#
Since the frequency parameter ratios are required rather than the 
frequency parameter the Young’s modulus and density of the material are not 
required to be obtained# A beam of 1/4 in square uniform cross-section is 
machined.out from a i  in square cross-section beam and the fundamental fre­
quency of this beam is used as a standard for obtaining the frequency 
parameter ratio.
All the test beams have a root cross-section of 1/4 in square.
A 2 in length is used for clamping the beam. The effective length of the 
cantilever is 10 in# A wide range of taper both in width and depth are 
obtained by machining from a % in square section#
Tapered pretwisted beams are made by machining from £ in square 
cross-section bars that are already pretwisted. The bars are heat-treated 
before machining to remove the stresses due to pretwist ing.1*'
9.2 Heat Treatment
Rolled bars of ten have residual stresses left in them. The 
forces produced due to these stresses are in equilibrium. When a small 
portion of the material is removed from one side of a bar the equilibrium
of the forces is upset and the bar then distorts to take up a new equili­
brium position.
Similarly, when a pretwisted beam is machined the beam untwists
since the inner core is still elastic. Hence it is essential to remove
the residual stresses before machining.
The bars are cut into lengths of 16 in and introduced into a hot
oven in batches. The oven is kept at a constant temperature of 600 C and
the bars are allowed to soak at that temperature for about six hours. The
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bars are then allowed to cool slowly*
The low temperature annealing which is used relieves the 
residual stresses but does not change the material properties such as 
toughness and hardness*
9*3 Uniform Beams
Uniform beams are made by machining 2 inch square cross-section
bars*
From each heat-treated set one bar is machined out to give a 1/4 
inch square cross-section beam of 10 inches effective cantilever length.
The fundamental frequency of this beam is used in obtaining the frequency 
parameter ratio of beams from this particular set*
Hence the non-dimensional experimental results will be unaffected 
by a variation in the properties of the material of the different sets 
caused by the heat treatment*
9*4 Tapered Beams
Beams with very small cross-section are difficult to hold firmly 
for machining especially when they are long* The beams are therefore cast 
into a soft material to enable them to be held rigidly*
The bars of j  in square section are cast in a low melting point 
alloy commercially known as ‘cerrobend1* The casting die is rectangular in 
shape with datum faces* The bars are then held in vices, one at each end, 
and tilted to give the required amount of taper* The angle of tilt is 
accurately measured by means of a clinometer*
The whole assembly is placed on the bed of a milling machine 
and the top surface of the bar is machined to give the required shape. The 
cerrobend is melted off by immersing it in boiling water which is at the 
melting point of cerrobend. The partly machined bar is then turned and 
reset in the die to machine one of the other sides* The bar is again 
cast in the soft material and realigned with the clinometer to give the 
required taper*
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This process is repeated for each side that requires to be
machined-
: i
A two inch length of 1/4 in square uniform cross-section is 
machined out at one end of the beam for clamping purposes-
9*5 Pretwisting of Beams it
The bars are pretwisted by using the pretwist rig shown in 
Plate 2* This basically is a Macklow Smith torsion testing machine*
The angle of twist is measured by a Cambridge torsion meter 
also shown in Plate 2* The torsion meter consists of two concentric 
circular tubes A and B which are screwed on to two points on the bar C 
at 8 inches apart by means of the screws D at the ends of the tubes* A 
circular scale E is attached to tube A and a pointer F is attached to tube 
B. The pointer F and circular scale E are viewed simultaneously through a 
small telescope G which has a scale marked in 1/lOth of a degree* Observ- I
ing the position of the pointer F in relation to the circular scale E
through the telescope, a reading accurate to the l/lOth of a degree can be 
obtained-
The two ends of the bar C are introduced into the slots H and I 
of the pretwist-rig* The arm J is made to be horizontal and free of any J 
restriction by turning the wheel K by means of the handle L- After noting
the reading on the telescope G the wheel K is rotated thus twisting the bar J
C- The bar is twisted a few degrees more than the required amount to allow \
for the resilience in the material- The wheel K is then rotated back until ;
the arm J is horizontal* By a series of preliminary experiments the exact 
amount of over twisting necessary to obtain a required amount of pre twist 
is determined for a set of pretwist angles#
The beams are pretwisted to give 30°, 60° and 90° of pretwist 
angle over a 10 inch length*
9*6 Tapering of Pretwisted Beams
A set of pretwisted beams are shown in Plate 3* All the beams
352
have a 1/4 inch square section machined at the root and uniform over 2 
inches of length* This length of the beam is used for clamping during the 
experiments* The beams have a wide range of taper both in width and depth 
over a length of 10 inches* Hence, the overall length of the beam is 12 
inches with an effective cantilevered length of 10 inches*
The arrangements used for tapering the beams are shown in Plate 
4* The beams are milled from pretwisted and subsequently heat-treated \  ' 
inch square cross-section bars* The basic principle involved is to ensure 
that a given bar is rotated at the same rate as the rate of pretwist angle, 
as the milling cutter progresses from one end of the beam to the other*
The two ends of the pretwisted bat* are turned on a lathe to give 
small lengths of circular sections* One end is threaded and screwed on to 
a spherical ball which is held in position but allowed to rotate freely in 
the block B* The other end of the bar A rests against a lever C held by a 
spring D* The lever C exerts a force to ensure that the bar A is always 
in contact with the cylindrical guides E and F* The guides E and F are 
kept in the same vertical plane as the milling cutter G by the bar H which 
is attached to the milling machine. The bar H causes the guide assembly 
E and F to slide on a horizontal arm parallel to bar A as the bar A moves 
along its lengthy This arrangement then ensures that the rate of rotation 
of the bar while machining is the same as the rate of pretwist angle*
The whole assembly is rigidly clamped to the bed of a milling 
machine* The taper is introduced by moving the ends of the block I out of 
the line of travel of the milling cutter, by the required amount* When one 
side of the bar A is machined to the required taper the bar is turned and 
the block I readjusted to give the required taper* All four sides are 
similarly machined to give a tapered pretwisted beam.
The tapered beams have rectangular cross-sections and the same 
rate of pretwist as before final machining.
9.7 Measurement of Pretwist angle after tapering
In order to obtain the pretwist angle of the beams after 
machining, the arrangements as shown in Plate 5 &**e used. The whole
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arrangement is mad© of perspex*
The arrangement consists of two circular discs A and B which are 
held apart by a known distance by a cylindrical tube C* The disc A is 
rigidly screwed on to the tube C* The other end of the tube C is introduced 
into another short concentric tube H attached to the disc B, The screws E 
screwed into a circular slot on the tube C ensures free rotation of the 
discs A and B and at the same time keeps them a known distance apart.
The beam G passes through the circular holes in the discs A and 
B and is held axially by means of slides D which are held to the discs by 
the springs F. The ends of the slides D in contact with the beam G are 
sharpened to have knife edges* The discs A and B rotate relative to each 
other by the same amount as the angle between the cross-sections at the 
points of contact of the slides D* The relative angle of rotation of the 
discs A and B are read off from the graduations on these discs by viewing 
through a telescope* The telescope has a scale graduated in tenth of a de­
gree* This enables the angle of twist to be measured to an accuracy of a 
tenth of a degree*
.354
Plate 1 A  s e t  of t a p e r e d  b e a m s
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CHAPTER 10 
EXPERIMENTAL PROCEDURE
360
10.1 Introduction
The experimental investigation consisted of obtaining the natural 
frequencies of vibration of cantilever beams and the measurements of the 
mode shapes corresponding to these natural frequencies* An initial survey 
of various methods of excitation and mode shape measurement enabled the 
most appropriate method to be used for this investigation.
4Carnegie excited the beams by an alternating force applied near 
the root cross-section by1 means of a light steel probe. The probe was 
dirven electrically by a moving coil exciter supplied by a variable frequen­
cy oscillator through an amplifier. The resonant frequencies 'were deter­
mined by the movement of sand sprinkled on the beam. This method whilst 
suitable for the fundamental frequency gave spurious overtone modes.
An Air Exciter consisting of a Vitavox Pressure Unit to which a 
delivery nozzle was fitted was used by some investigators. The unit 
consisted of a permanent magnet and a thin alloy foil diaphram with a fine 
energising coil wound round its shoulder. An alternating current supplied 
to the coil produced an alternating movement of the diaphram producing a 
pulse of air at the nozzle. The exciter was able to produce the first 
few natural frequencies of the beam, but the amplitude of displacement was 
too small to make any reliable measurements.
A:tuning fork method of excitation was used by Grootenhuis, Slyper 
66and Slingerland * The cantilever beam was clamped between two massive 
blocks resting on a layer of soft rubber. The beam formed one part of a 
tuning fork. The other arm consisted of a coupling rod carrying a small 
mass* The coupling rod was attached to a moving coil of an electromagnetic 
vibrator by a slender drive rod. The driving system was tuned to the 
natural frequency of the mode of vibration of the beam under investigation 
by means of the small mass on the coupling rod. The system was a resonating 
tuning fork with the cantilever and coupling rod in antiphase and the clamp­
ing block at rest. Although the method had the advantage that very little 
power would be required to resonate large specimens, considerable experience 
may be required to tune the coupling rod.
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An electromagnet or a peizo-electric crystal is used in the 
present investigation to excite the natural frequencies of vibration of 
beams#
Sand patterns were used by various investigators in identifying 
the resonance frequencies and estimating the mode shapes of vibration,
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A travelling microscope was used by Grootenhuis and Dawson 
to measure the mode shape of vibration# Although an accurate measurement 
can be made the method is very tedius especially if large numbers of read­
ings are to be taken#
In the present investigation a decade oscillator is used in con­
junction with a piezo-electric crystal and an oscilloscope to measure the 
frequency of natural vibration of beams, A Capacitance pick-up is used to 
measure the mode shape of vibration of the beams#
10#2 Clamping Arrangement
The clamping arrangement used is shown in Plate 6#
The beam A is held rigidly in the four quandrentsof a cylindri-?
cal block B. The quadrants are screwed together by four sets of Allen
screws, each set consisting of three screws# The cylindrical block B is 
in turn clamped between two heavy steel blocks C and D# The whole assembly 
is rigidly clamped to a heavy steel table.
The block B has spacers E to enable different root cross-section 
beams to be tested using the same assembly by selecting suitable spacers# 
The cylindrical shape of the block B is selected to give uniform pressure
all round the clamped end of the beam. The beam can then be assumed rigidl
fixed at the root against any lateral movements in the horizontal and 
vertical directions#
10,3 Frequency Excitation
The general arrangement of the vibration apparatus is shown in
Plate 7» The beam is excited at low frequencies by means of an electro­
magnet. The electromagnet A is placed under the beam B and as close to
the free end of the cantilever as possible# The electromagnet is supplied 
with an alternating current from a variable frequency oscillator C through 
a 50 watt amplifier D# The output voltage from a piezo-electric crystal E 
attached to the beam is displayed on the oscilloscope F. The frequency of 
the alternating current supplied to the electromagnet is varied until the 
trace on the oscilloscope gives a maximum amplitude. This frequency of 
vibration is considered to be the resonant frequency of the beam.
At higher frequencies the impedence of the coils of the electro­
magnet becomes very large and the power required to send any current through 
the coils also becomes large. Hence an alternative method of excitation is 
used. This method consists of fixing a lead-zirconate crystal close to the 
root cross-section by a suitable adhesive. The supply current from the 
oscillator C is applied to the crystal through the amplifier D. The 
electromagnet is disconnected from the circuit.
The Lead-Zirconate gauge consists of large numbers of crystallite 
centres bonded together where the orientation of individual crystals are 
altered to give a permanent polarity by applying a strong electric field of 
about twenty kv per centimeter of thickness at a suitable temperature*
These crystals are volume sensitive* when an electric field is ap£>lied it 
expands in the direction of the field and contracts by a smaller amount in 
a direction perpendicular to the field direction. This is known as the 
•converse* piezo-electric effect. The direct piezo-electric effect is the 
production of an electric charge by the compression or tension either 
parallel or perpendicular to the polarizing direction.
The ’converse’ effect is used when the crystals are used as 
exciters. The ’direct’ effect is used when the crystals are used as 
detectors.
The impedence of the piezo-electric crystal is a function of the 
frequency and the impedence is very high at low frequencies and becomes 
smaller at higher frequencies. Hence the Lead Zircdhate gauge becomes 
ideally suited for the excitation of higher frequencies.
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10,4 Frequency Measurement
When an alternating current of a particular frequency is supplied 
to the electromagnet the beam is forced to vibrate at twice the frequency 
of the supply* Furthermore, the beam may vibrate at a frequency which is a 
multiple of the supply frequency. Hence the supply frequency does not give 
the frequency of vibration of the beam*
In order to obtain the actual frequency of vibration of the beam 
the output frequency from the piezo-electric crystal E in Plate 7 is 
compared to the frequency output from a decade oscillator G* The output 
from the crystal E is connected to the Y-plates of the oscilloscope F.
The output from the decade oscillator G is connected to the X-plates of 
the oscilloscope. The time base of the oscilloscope is switched to exter­
nal, By altering the frequency of output from the decade oscillator the 
Lissajou figure obtained on the oscilloscope is adjusted to be a stationary 
circle or ellipse. The frequency of vibration of the beam is then the 
frequency of the output signal from the decade oscillator.
The accuracy of the measurement is the accuracy of the decade 
oscillator. The accuracy of the oscillator after allowing sufficient time 
to stabilize is quoted by the manufacturer to be + 1 cycle in 10,000 cycles,
10*5 Mode Shape Measurement
) '
The apparatus used to obtain the mode shapes of the beams is
shown in Plate 8,
Two capacitance pick-ups A are arranged so that they would 
always be at right angles to each other* The pick-ups can be moved towards 
or away from the beam B by means of thumb screws C, The probe holder D, 
holding the pick-ups, can be moved along the length of the bar E which lies 
in a line parallel to the axis of the beam* The probe holder D can be lock­
ed in any required position by a locking screw* One end of the bar E is 
built into a ^ .ide F which moves over a circular arc on a clamping device G, 
By sliding the bar E and the slide F over a circular arc the pick-up sur­
faces can be adjusted to be parallel to the surfaces of the beam. The 
slide F can be locked to the clamping device G by locking screws. The
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clamping device G is rigidly fixed to the block H which in turn clamps the 
beam.
When the beam is vibrating in one of its natural modes of 
vibration, a third capacitance pick-up is placed very close to the tip of 
the beam and adjusted such that the surfaces of the pick-up and the beam
are parallel. This pick-up is kept in this position throughout the experi­
ment. The amplitude of vibration is adjusted by increasing the voltage of 
supply to the electromagnet or the lead-zirconate crystal until about nine- 
tenths of the full scale deflection is produced on the vibration meter I. 
This deflection is kept constant all through the experiment.
The pick-upsA are then moved close to the tip and the arm E
rotated until the pick-up surfaces are parallel to the sides of the beam
and the pickups are .amoved by the screw C to within the required distance 
from the beam. The pick-ups A are connected one at a time to the vibration 
meter I through a switching box. The amplitudes of vibration indicated on 
the meter are read off*
The pick-ups are then moved at regular intervals of distance 
along the length of the beam and the bar E rotated to make the surfaces of 
the pick-ups and the beam parallel. The amplitudes of displacement along 
the principal axes at various sections of the beam are obtained.
In order to fesolve these displacements along the horizontal and
vertical axes the sense of the displacements is determined by displaying 
the output from the vibration meters H and I, after filtering the carrier 
frequency by suitable filters, on an oscilloscope. The.trace obtained 
from the meter I is compared with the trace obtained from the meter K«
Since the pick-up connected to the meter H is always kept at one position 
the output from this meter can be taken as a standard for comparison of the 
trace from meter I for various positions of the pick-ups A. If the trace 
from the meter I is in phase with the trace from the meter H then the 
amplitude is taken to be positive and if the traces are in antiphase the
amplitude is taken to be negative.
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Knowing the pretwist angle of the beam the components of dis­
placements along the horizontal and vertical axes can be computed from 
the displacements in the principal axes.
The accuracy of the measurement of displacement would depend 
on the accuracy of the vibration meter. The vibration meter used is 
capable of measuring vibration amplitudes to an accuracy of + 2 percent 
within the frequency band 1 cycle to 10 kilocycle per second.
10*6 Discussion of Experimental Results
10.6.1 Introduction
The experimental results obtained are expressed in non-dimensional 
quantities as inthe theoretical results. The frequency parameter ratio 
of a beam is the square of the ratio of the frequency of the beam to the 
fundamental frequency of a uniform beam of the same root cross-section*
The relative amplitude of the theoretical results is the ratio 
of the amplitude at any section to the amplitude at the tip section* In 
the experimental results it is difficult to obtain the displacement at 
the tip section especially if the area of the surface at the section is 
smaller than the area of the pick-up surface* Hence the experimental 
results are compared with the theoretical results on the assumption that 
at the section nine-tenths of the length from the fixed end the theoretical 
and experimental results coincide*
A large number of experimental results are obtained to confirm 
the theory* Only a few selected sets of the experimental iresults are 
presented*
No experimental results are available for pretwisted beams 
including shear and rotary inertia as the demand on the workshop facilities 
proved to be excessive. A large number of beams of different lengths 
would have needed to be made.
10.6.2 Bending Vibration of Beams
The frequency parameter ratios of tapered beams in bending 
vibration showed extremely good agreement between the theoretical and ex­
perimental results. The first five modes presented in figure 3*2 for 
various width tapers show agreement well within one percent. Since the 
theoretical results are obtained by extrapolating from those obtained from 
various matrix sizes the percentage error in these results are expected to 
be well within half of one percent over the range of taper considered. The 
same or slightly better accuracy is expected in the measurement of resonant 
frequency. The errors usually occurring in the measurement of Young’s 
Modulus and density are avoided by expressing it as a ratio of the frequency 
of a uniform beam of the same material. Since the same root fixing 
arrangement is used for testing uniform beams and tapered beams the errors 
due to non rigidity of the fixing are eliminated.
A similar close agreement between the theoretical and experimental 
frequency parameter ratio is obtained for beams tapered in the depth.
These results are shown in Figure 3*6 for the first five modes for various 
depth tapers.
The frequency parameter ratios of beams tapered both in width and 
depth showed very slight differences between the theoretical and experi­
mental results. These differences although within three percent are found 
to occur for different modes of the same beam. The differences are perhaps 
due to slight differences in the tapers. The beams tapered in both direc­
tions are machined four times, one side at a time by resetting in the die 
and casting in 1cerrobend’. The errors could therefore be due to incorrect 
setting. These results are shown in Figure 3*10 i“°r first five modes*
The mode shapes obtained for a tapered beam show extremely good 
agreement between the experimental and theoretical results. The close 
agreement between these results are seen in Figures 3«^» 3*8 and 3®i5 £°r 
beams tapered in width, in depth and in width and depth respectively. The 
difference between the experimental and theoretical results is well within 
one percent of the theoretical results. This accuracy may perhaps be due to
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assuming that the theoretical and experimental displacements are identical 
at the cross-section nine-tenth of the distance along the length of the 
beam*
10.6.,3* Coupled Bending-Bending Vibration of Beams
The pretwisted beams give a slightly greater difference between 
the experimental and theoretical frequency parameter ratios« Figure 4.1 
shows the theoretical and experimental results for a beam of uniform depth 
but of width taper unityi The difference as compared to the theoretical 
values is within about two percent. This difference may be partly due to 
the small order of matrices used to compute the theoretical values. The 
storage space on the computer has limited the largest size of the matrix 
capable of being used. This is shown by the fact that the theoretical 
frequency parameter ratios of the pairs of modes namely, the first and 
second, third and fourth, fifth and sixth, are not separated from each 
other as much as the experimental results.
The difference may also be the cumulative effect of slight 
differences in the values of taper and pretwist which may be existing in 
the beam. Although the beams are heat-treated after pretwisting to relieve 
the residual stresses, the machining of the beam in tapering may distort 
the beam due to work hardening. However no variation of the pretwist 
angle was detected after machining.
The figure 4.9 shows the frequency parameter ratios of pretwisted 
beams with a width taper of •'■0.5 Tor various depth tapers and pretwist
angle. The difference between the experimental and theoretical results
o
is the largest when the depth taper is 1.0 and pretwist angle is 90 •
The frequency parameter ratio of the beams with a width taper 1.0 is shown ir, 
in Figure 4.10. The maximum difference between the experimental and theo­
retical results is seen to be for a depth taper of -0*75• The maximum 
difference compared to the theoretical results is within eight percent. It 
is seen from these results that the maximum difference between the experi­
mental and theoretical results occur when there is a large difference
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between the depth and width tapers and when the pretwist is a maximum*
This difference is due to the limitation of the matrix order imposed by 
the storage capacity of the computer* For beams with large taper or 
pretwist large order matrices are required to obtain accurate results*
The mode shape however shows good agreement between the experi­
mental and theoretical results* The results of beams with width taper 1.0 
and various depth tapers with 60° pretwist are shown in Figures 4*12,
4,131 4*14 and 4*15 respectively for the third, fourth fifth and sixth 
modes* The maximum difference between the experimental and theoretical 
result is within five percent of the theoretical result* This difference 
again may be due to the limitation imposed on the matrix order by the 
storage capacity of the computer*
10*6*4* Torsional Vibration of Tapered Beams
The torsional frequency parameter ratios showed very close 
agreement between the theoretical and experimental results for the first 
three modes* The fourth and fifth mode frequencies were found to be very 
high and difficulty was experienced in exciting these frequencies* Hence 
the experimental work was restricted to the first three modes* These 
results are shown in Figure 6.4 for a beam with uniform width for various 
depth tapers*
The mode shape of the first two modes of torsional vibration 
obtained experimentally afe shown in Figure 6*5- The first mode shows 
very close agreement between the theoretical and experimental results* The 
second mode of vibration shows a difference in experimental result of about 
five percent as compared to the theoretical result* The difference is due 
to the difficulty in obtaining the experimental result* The absolute dis­
placements of the beam in the second and higher mode were extremely small 
and within ten thousandth of an inch* A small error in the measurement 
therefore gives a large percentage of error* The amplitude of torsional 
displacement is computed from the amplitude of linear displacement of 
points on the surface of the beam at known distances from the axis of the 
beam* Since the beam has a width of 1/4 inch the maximum distance
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obtainable from the axis is 1/8 inch* Hence a small error in the measure­
ment of this distance gives a large percentage of error.
At third and higher modes of vibration the amplitude of vibration 
was extremely small to make any reliable measurement and hence the results 
are not presented.
10.6.5 Torsional Vibration of Pretwisted Beams
The experimental results obtained for a pretwisted uniform 
cross-section beam in torsional vibration is shown in Figure 7»3» The 
experimental results are obtained for a beam of rectangular cross-section 
of sides 1 in by 1/8 in. The experimental results for the first three 
modes are higher than the corresponding theoretical results. The differ­
ence based on the theoretical result is about one percent.
The tapered beam also gives experimental results very close to 
the theoretical results as can be seen from Figure 7*5 for the frequency 
parameter ratios of the first three modes.
10.6.6 Torsional Vibration of Short Beams
The experimental frequency parameter ratios of the first five 
modes of torsional vibration are presented in Figure 8.1. The experi­
mental results are lower than the theoretical results. As the length be­
comes shorter the differehce between the theoretical and experimental 
results increase. The percentage differencesbetween these results are 3,4,
6,8 and 10 respectively for the first five modes for a beam of length 
3 inches. Although these differencesexist the trend of increase in fre­
quency with decrease in length is established by the experimental results.
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CHAPTER XI
CONCLUSIONS OF THE PRESENT WORK
374
Introduction
The effect of taper on the frequencies of vibration of beams 
with and without pretwist are clearly shoVn in the foregoing chapters.
The conclusions, although not directly applicable in the present form, can 
play an important part in understanding the effect of taper on the vibra­
tion characteristics of components of machinery or structures which may be 
subjected to vibration. The conclusions are sectionalised, each section 
dealing with the results in a chapter.
11*2 Conclusion of Chapter 2
The various methods of analysis investigated showed that the 
energy methods namely,Rayleigh*s and Rayleigh-Ritz methods, give a very 
quick method of obtaining the fundamental frequency of vibration of a beam.
A knowledge of an approximate deflection curve is necessary in the Rayleigh’s 
method to obtain any reasonable accuracy. The Rayleigh-Ritz method will 
give a good accuracy if a linear combination of several possible shapes of 
the deflection curves or a polynomial series are assumed as the mode shape 
of vibration* Neither of these methods give an estimate of the error.
The Myklestad and Stodola methodsare based on the elastic 
property of the beam. The beam is segmented into a number of small ele­
ments of equal lengths. A knowledge of the approximate frequency i$. the 
case of Myklestad method and an approximate mode shape in the Stodola 
method are essential in order to increase the accuracy of the result and to 
reduce the time of computation. In the Stodola method an orthogonality 
condition of the modes is essential in determining the frequencies and 
mode shapes of higher modes. No estimate of the error is possible.
The finite difference method provides an easily adaptable method 
of analysis of vibration problems. Since it is a method of solution of a 
differential equation an error analysis is possible. As the truncation 
error in the finite difference relationships is known, a correction can be 
applied to the result to improve the result. The extrapolation formula 
used allows small order matrices to be used still obtaining a high degree
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of accuracy. Previous knowledge of frequency, mode shape or orthogonality 
conditions of the modes are not required.
11.3 Conclusions of Chapter 3
The frequency parameter ratio of a beam decreases as the width 
taper ihcreases. The frequency of vibration of a beam with width taper 
is greater than that of a uniform beam for negative taper and less than that 
of uniform beam for positive taper. The effect of taper on the frequency 
of vibration decreases as the mode order increases.
The maximum relative amplitudes at the positions of antinodes 
increase as the width taper increases. The positions of nodes and anti­
nodes are not appreciably altered by the width taper. As the nodal posi­
tions do not alter appreciably, the increase in amplitude produces an 
increase in curvature, which in turn increases the bending moment and the 
resulting stresses in the beam.
The frequency of vibration of a beam increases for all modes 
except the first mode as the depth taper increases. The frequency of 
vibration of the first mode irife* froquoncaa-s of vibration of beams with 
negative depth tapers are greater than the frequency of a uniform beam 
while the beams of positive depth tapers have frequencies less than that 
of a uniform beam. For the second and higher modes the beams of negative 
depth tapers have frequencies less than the frequencies of a uniform beam 
and beams of positive depth taper have frequencies greater than that of a 
uniform beam. The effect of depth taper on the frequencies of vibration 
of a beam increases as the mode order increases*
The relative amplitudes at the positions of antinodes increase 
as the depth taper increases. The positions of nodes and antinodes are 
shifted towards the root section as depth taper increases. The combined 
effect of the increase in amplitude and decrease in wavelength increases the 
curvature and hence the stresses in the beam are increased as the depth 
taper increases.
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The frequencies of vibration and their corresponding mode shapes 
of a beam tapered in width and depth can be obtained from the frequencies 
and mode shapes of beams tapered in width only and beams tapered in depth 
only* For beams of any one dejjth taper ihe effect of width taper on the 
frequency and mode shape of vibration is very similar to the effect of 
width taper on a uniform beam. Similarly the effect of depth taper on 
the frequency and mode shapes of a beam with a width taper is similar to the 
effect of depth taper on a uniform beara* The relationships
A.-J e ^  ft
jyL _ -lag. . ■
X ~ X X
0,0 0,0 0,0
and
yp,6 ~ y|3,o * yo,6
yo,o
are very useful in obtaining the frequency and mode shape of beams tapered 
in width and depth*
11*4 Conclusions of Chapter 4
Pretwisted beams execute coupled bending-bending vibration* The 
variation in the f'equency of vibration of a uniform beam due to pretwist 
depends on the pretwist angle and the width to depth ratio of the cross- 
section. '
The introduction of taper in a uniform square section beam makes 
the principal flexural rigidities of the beam unequal* When such a tapered 
beam is pretwisted coupling between bending in two planes occur* The degree 
of coupling will be a function of pretwist angle and taper.
When a beam of equal depth and width taper is pretwisted the fre­
quencies of vibrations of the first and second modes are identical. As the
width taper is altered keeping the depth taper constant the frequencies of
vibration of the beam separate out giving two distinct frequencies. The 
frequency parameter ratios plotted against width taper for a constant 
depth taper gives for the first two modes two curves crossing at the
point where depth taper becomes equal to width taper. The curves at zero
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pretwist angle gives the envelope within -which the frequency parameter 
ratios of the first two modes lie for all pretwist angles. As the pre­
twist angle increases the two curves approach each other,
A similar argument applies to the third and fourth and fifth 
and sixth modes. That is, the frequency parameter ratios of beams 
plotted against width taper for any one depth taper forms pairs of curves 
which cross at -the point where width taper equals depth taper and the curves 
at zero pretwist gives the envelopes within which the frequency parameter 
ratios of beams with pretwist angle must lie. For all modes of vibration 
the frequency parameters of each pair approach each other as the pretwist 
angle increases.
The variation in the frequency parameter for any mode depends 
on the difference betweenthe width ahd depth tapers and pretwist angle.
For a given pretwist angle the variation in the frequency parameter for 
any mode is the largest when the difference between the width and depth 
tapers is the largest. For a beam of given width and depth tapers the 
variation in the frequency parameter for any mode is the largest when the 
pretwist angle is the largest.
For large differences in width and depth tapers and at higher 
modes the envelope formed by the plots for zero pretwist may involve 
more than the frequency parameter of two modes.
The mode shape of vibration of a beam of equal width and depth 
taper is not affected by the pretwist angle, although the component along 
the zx and zy planes would depend on the pretwist angle. Considering the 
mode shapes corresponding to the pair of frequency parameters that formed 
an envelope, the deflection curve has components only in one of the zx and 
zy planes. As pretwist increases,the component of mode shape in the other 
plane increases and has a similar shape as the modal curve of the other 
frequency forming the pair, except when there are other frequency parame­
ters very close to the one under consideration. If there are several fre­
quency parameters close to each other then the mode shape of vibration of 
a pretwisted beam would have a very complex shape and may have components 
of shapes of several modal curves of the corresponding straight beam.
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When the width to depth ratio of the root section is increased 
from unity the ratio of the principal flexural rigidities of the cross- 
sections are altered by the combination pf the unequal width and depth 
and unequal width and depth tapers. Hence the variation in the frequency 
parameters due to pretwist would be combined effect of the root width to 
depth ratio and the width and depth tapers*
When the difference between the depth taper and width taper 
increases the critical points,where the change of assyraptotes occurs for 
a pretwisted beam, appear for larger width to depth ratios and at higher 
values of frequency parameters*
11*5 Conclusions of Chapter 5
This chapter deals with the shear and rotary inertia effects on
)
the vibration of pretwisted and non-pretwisted uniform and tapered beams*
The finite difference method of analysis gives results for uni­
form cross-section beams without pretwist which agree very closely with 
those given by other authors* For small order matrices the results obtain­
ed are higher than the true value and as the matrix order is increased the 
true value is reached to give an upper bound*
The shear and rotary inertia effects decrease the frequency 
parameters of a beam for all modes* The variation in the width taper 
makes very little effect on the decrease in the frequency parameter due to 
shear deflection and rotary inertia. The increase in the depth taper 
increases the effect of shear deflection and rotary inertia, thus reducing 
the frequency parameter ratio for all modes of vibration*
The frequency parameter decreases due to shear and rotary inertia 
as the root thickness to length ratio of the beam increases, for any given 
taper.
The shear deflection and rotary inertia effects reduce the 
frequency parameter ratios from that given by the classical Bemoulli- 
Euler theory for coupled bending-bending vibration of uniform and tapered 
beams* As pretwist angle increases the ratio of the frequency parameters
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of Timoshenko to Bernoulli-Euler beam increases or decreases depending 
on the mode order. The ratios of frequency parameters decrease for 
mode orders whose displacementcurves for zero pretwist are in the plane 
of the greatest flexural rigidity* This trend is shown for beams with 
various root depth to length ratios*
11*6 Conclusions of Chapter 6
This chapter deals with the torsional vibration of long slender 
beams of uniform and tapered rectangular cross-sections.
The finite difference method of analysis is applicable to the 
solution of torsional vibration problems of uniform beams- Usingthe 
torsional shape factor the frequency parameter obtained for uniform 
rectangular cross-section beams from the finite difference method gives 
good agreement with the true result.
The torsional frequency parameter of a beam has the maximum
value when the cross-section is a square* For a tapered beam of square
root section the maximum frequency parameter is obtained when the width 
taper is equal to the depth taper. The variation in the frequency parameter 
with taper becomes marked for small values of width or depth tapers* For 
large values of depth and width tapers the variation in the frequency 
parameter with taper becomes very small*
The relative amplitude of all the modes increase as the taper 
increases. The positions of nodes and antinodes nearest to the root 
cross-section are obtained for a beam of equal width and depth tapers*
As the difference between the width and depth taper increases the positions 
of the nodes and antinodes in all the mode shapes are shifted further away 
from the root section*
11.7 Conclusions of Chapter 7
This chapter deals with the torsional vibration of pretwisted
uniform and tapered beams.
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The pretwist increases the torsional stiffness of a uniform 
cross-section beam. The frequency parameters of a pretwisted beam increase 
with pretwist for all modes# For uniform cross-section beams the ratio of 
the frequency parameters of a pretwisted to a non-pretwisted beam has the 
same value for all modes for any given pretwist#
The frequency parameter of a tapered beam increases with pre­
twist# The ratio of the frequency parameters of a pretwisted to non- 
pretwisted tapered beam increases for all modes with pretwist by varying 
amounts depending on the width and depth tapers.
11.8 Conclusions of Chapter 8
This chapter considers the torsional vibration of short beams 
where the effects of warping of cross-sections become considerable#
The warping of the cross-sections in torsion introduces two
corrections to the simple Saint-Venant theory of torsion# The strain 
energy in the beam is increased due to additional stress giving an in­
crease in the frequency and the kinetic energy is increased due to the
longitudinal displacements which reduce the frequency. The combined 
effect of the stress and the displacement is to increase the frequency 
parameter of the beam especially as the ratio of length to the depth of 
the beam becomes smaller# Very large increases in frequency would be 
obtained when the length of the beam becomes smaller than the depth of 
the beam#
The increase in the frequency parameter for any root dex>th to 
length ratio increases as the depth taper increases. The increase in the 
width taper has very little effect on the variation of frequency parameter#
11*9 Summary of Conclusions
Finite difference method of solution gives very good results for 
the frequency and mode shape of vibration of uniform and tapered, pretwist­
ed and non-pretwisted beams#
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In bending vibration the increase in width taper decreases the 
frequency and increase of depth taper increases the frequency except for 
the first mode* The relative amplitude of vibration increases with 
increase of depth and width tapers*
In coupled bending-bending vibration the frequency parameter 
of modes which have components of mode shape for small pretwist angle 
predominantly in the plane of the taper, is decreased by the increase in 
taper* The frequencies of modes, which have components for small pretwist 
angle, predominantly in the plane at right angles to the plane of taper, 
is increased by the increase in taper* The variation in the frequency 
parameter increases with pretwist and with the difference between the 
width and depth tapers*
Width taper of the beam does not appreciably affect the shear 
and rotary inertia corrections applied to the classical beam theory* The 
depth taper increases the effect of shear and rotary inertia on the 
vibration of a beam*
The maximum torsional frequency parameters of a beam of square 
root section is obtained when the width and depth tapers are equal. The 
relative amplitude of vibration increases with taper.
Pretwist and warping of cross-sections have a greater effect on
the torsional frequency parameter when the depth taper has a large value.
11*10 Scope of Future Work
This work can be extended to study the effect of taper on the
vibration of beams where the elastic axis and the centroidal axis are 
non-coincident. Beams with one axis of symmetry can be used to study the 
effect of taper on coupled bending-torsion vibration. On pretwisting, the 
beam would give coupled bending-bending-torsion vibration.
The effect of taper on vibration characteristics of beams 
asymmetrical about both principal axis and with non-coincident mass and 
elastic axis could be studied by the extension of the method of analysis
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adopted. Such a beam would give conditions very close to the actual 
turbine blades used in industry*
This work formed part of the programme carried out in the
Department as the investigation of vibration characteristics of turbine
blades* A spin rig to run at 20,000 r.p.m* is being designed with the 
support of the Scientific Research Council* The natural extension of the
present work would be inclusion of the centrifugal force effects into the
equation of motion of tapered beams and the investigation of the vibration 
characteristics under rotating conditions*
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APPENDIX 1
BASIC BEAM EQUATIONS
Equation of Bending of a beam in one plane
Figure A.1.1 shows a short element of a beam subjected to bend­
ing in the yz plane. The element is of length dz at a distance z from
one end. The z axis of the x, y, z co-ordinate axes is coincident with 
the undeformed position of the elastic axes, xx and yy axes are the 
principal axes.
Let the short element be subjected to an external bending 
moment My in the yz plane such that the fibres above the xx axis are in 
tension.
Adopting the usual assumption that initially plane sections 
reciain plane after bending,the strain e on the longitudinal fibre BB of 
area dA and distance b from the neutral fibres in the zx plane becomes
dz
is the slope of the element, in yz plane of the beam after bending.
For small deflections the curved length of the neutral fibre 
differs very little from the intial length dz and hence if R is the 
radius of curvature at the element due to bending in the yz plane then
e = b d0 (Al)
where (A2)
dz = R 4$ ' •*••••••
Hence from equations (Al) and (A3) the strain e becomes
(A3)
e = Jb 
R
<A4)
Thus the stress f = Ee = Eb
R
(A 5)
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Making use of the equations (A2) and (A3) the following expression can 
be written:
JL s= d£i = d^y (A6)
R dz . 2dz
Substituting expression (A6) into equation (A5)
2
f = Eb — £ .................... .......(A7)
dz
and thus the longitudinal force dF on the fibre is given by
,2
dF = f dA = E b ^  dA .....................(A8)
dz
The moments the force dF about the xx axis is
= dF b
y 2
= E b 2 dA ..............  (A9)
dz
Integration over the beam cross-section gives the total moment My on the 
face of the element, namely:
,2
= El ...................... (A10)y xx . 2dz
Similarly it can be shown that if an external bending moment is 
applied in the xz plane then the corresponding relationship is given by
,2
M = El ............ ..........(All)
yy ^
1.2 Equations of Bending of a Beam Simultaneously in Two 
Directions.
Figure A.1.2 shows a short element of the beam subjected to 
bending simultaneously in the xz and yz planes. The element is of length 
dz at a distance z from one end. The z axis of the x, y, z co-ordinate 
axes is coincident with the undeformed position of the elastic axis.
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XX and YY are the principal axes which are inclined at an angle a to the 
co-ordinate axes xx and yy respectively*
Let the short element of the beam be subjected to external 
bending moments in the xz plane and M in the yz plane such that the 
fibres in the first quadrant are in tension. Let R and R • be the radii
X ^
of curvature in the xz and yz planes respectively*
Adopting the usual assumptions that initially plane sections 
remain plane after bending, the strain e on the longitudinal fibre BB of 
area dA* distant a and b from the neutral fibre in the x and y directions 
respectively, becomes
(R1+ a)d0^ - Rx dj^ (R2+ b)d02 - Rg d02
a ~ w + , o••••a••••(Al2)dz dz
thus
e = a 60^ + b ......_ .................   (A13)
dz dz
where p - dx and p^ — dy »••••••••.. ................    *.*(Al4)
dz dz
are the local slopes in the x and y directions respectively of the beam 
after bending.
For small deflections the curved length of the neutral fibre 
differs very little from the initial length dz.
dz =! R dp * R0 d0o  .......   (A15)X X  w
Hence from equations (A13) and (A15) the strain e becomes
e - Z- * ............................. (A16)
R1 2
Thus the stress f on the fibre is
_ Ea Eb f._ _\f = Ee = —  + TT~ .......     (A17)
1 2
From equations (Al4) and (A15) the expressions for R^ and R^ become
I3 86
1 _ d0 _ ___ d0 _ djf /A1o)
1 dz dz 2 da dz
Substituting expressions (Al8) into (A17)
2 2
f = E a *2~| + E b  ..........(A19)
dz ' dz
and the longitudinal force dj* on the fibre is given by
2 2
dF = f dA = E a ■“  dA + E b d A .................. (A20)
dz dz
The moment dM^ _, of the force dF about the axis yy, is given by
2 2
<324 „ e a dA + E ab dA ...................... (A2l)
x  ^2  ^2dz dz
Similarly the moment dM^ of the force dF about xx axis is
dM = E ab + E b2  ...(A22)
y dz2 dz2
Integration over the cross-section of the beam gives the total
moments M and M on the face of the element, namely: x y
(A23)
x « El
d2x + El
y y
dz2 xy dz2
= El JE^ I + El d2x
X X , 2 dz xy dz2
(A24)
X X I I  I1«3 Relationships between xx, yy, xy, XX and YY»
Figure A . 1 • 3 shoivs the cross-section of a beam where XX and YY 
are principal axes. The principal axes XX and YY make an angle a with 
the co-ordinate axes xx and yy respectively.
Xxx " / y2 dA = If y2 dX dY ..... 
Since y = X sin a + Y cos a it follows that
(A2 5)
I — If (X2 sin2 a + Y2 cos2 a + 2XY sina cosa)dXdY xx
2 2 
= sin a + cos a + 1.,^  sin 2a
and since I^.7 the product momeht of area about the principal axes is 
zero?
2 2
Xxx “ ZYY Sin a + IXX COS a   (A26)
Similarly with x » X cosa - Y sina and
I = /  X2 dA = // X2 ax dY  ............ ,....(A27)
77 A
it can be shown that
2 2
Iyy - Xyv cos a + 1 ^  sin a  ....... .......«.(A28)
The product moment of area I about xx and yy axes is given byxy
1 ^  ss f^ xy dA = //xy dX dY  ..... (A29)
and on substituting for x and y equation (A29) becomes
I ss ff(X sina + Y cosa)(X cosa - Y sina) dX dY xy
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A SHORT ELEMENT OF A BEAM
BENT IN yz ELANS
FIGURE A. 1.1
dz
A SHORT ELEMENT OF A BEAM
FIGURE 1.2
APPENDIX II
TORSION OF A CYLINDRICAL BAR
Consider a cylindrical bar (Fig. A.2.1) subjected to no body 
forces and free from external forces on its lateral surface. One end of 
the bar is fixed in the plane 2 = 0  while the other end in the plane ia = L 
is twisted by a couple of magnitude T whose moment is directed along the 
axis of the bar*
For cylinders other than circular ones, cross-sections do not 
remain plane but are warped, and that each section is warped in the same 
way. This leads to displacements of the form
u ss - d© sin © = - y d© z
dz dz
V = d©: t cos© =* x9z
dz
w ‘ = d9 0 (x,y)
dz
where 0 (x,y) called the warping function or torsion function is some func­
tion of x and y.
d© is the rate of twist, 
dz
The stresses corresponding to the displacements are
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Substitution of these values in the equilibrium equations shows 
that the equations will be satisfied if 0(x,y) satisfies the equation
-»2 < 
o 0
+ - 0   (A31)
Y*
throughout the cross-section of the cylinder*
On the boundary the stress normal to the boundary must be zero, 
Hence, the stresses must satisfy the equation
( -  y) Cos (x, + x) Cos(y, J ) - 0<?x 'ey
where S' is in the direction of the outward drawn normal to the boundary*
But Cos(x,^ ) + Cos(yt£ ) = d0
ax ay
so that the boundary condition can be written in the form
=s y Cos(x, ^  ) - x Cos(y,j) )   •••••(A32)
on the boundary.
The resultant force on the cylinder in the x direction is given
by
/ £ «  dxdy = G £  ff (|| - y) dxdy
A
■ g ^ c *8 ■y)] ’+ ^ [x (lf ■ * )3)tady (A33)
since 0 satisfies the equation (A3l).
Applying Green’s theorem the equation (A33) can be written
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as
//^ zx dxdy = G f  ^ x [ - y cos(x, ^  ) + x cos(y,*> ) ] ds,
where the line integral is evaluated over the boundary C of the region R« 
(Fig, A.2.2).
But from equation (A32)
- y cos(x,>J ) + x cos(y, >- ) = 0 on boundary C.
Hence
// zx dxdy = 0
Similarly, it can be shown that the resultant vertical force
fl zy dxdy = 0
A
The torque T = SJr (x zy - y zx) dxdy
_ d© rr , 2 2 §0 d0  .  ^J ,a* G “T” ff (x + y + x rr~ - y r2" ) dxdy .••••••••••(A34)dz J • £y <$>x
d©
Thus T * G J ........................... ....... (A35)
2 2where GJ = x + y + x - y ) dxdy is the torsional rigidity.
A stress function ^(x,y) can be introduced such that
z x - G r r - r r  or jrf; - y =  (A36)dz o»y o * ^ y
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^  „ ae d> 90zy sr - G “T~ or XT' + x = --=--r     (A37)2^ 3x 9y £x.. ...............
Hence equation (A34) becomes
d ©  r/* / o 1^
T “ " G ^  + y $ 7 )dxdy
“ -G If  ^ ' 4  ^  (x 1V)  ^ dxdy - 2 /■4'faxdy3
From Green’s theorem this can be transformed into
d0 -i
T " " G dz ^ 0?C X cos(x»^ ) + y cos(y,^ )J ds - 2 dxdy]
But p can be chosen such that = 0 on boundary C.
Hence T = 2 G ““// Ip* dxdy dz E
d© .— G J 1' • .«» * » * - ,ds
where J = 2 ff dxdy ....................... (A38)
R
Eliminating 0 from equations (A36) and (A37) gives the condition 
\j/ must satisfy, namely:
^2E. + t j l  m _j 
3x2 3y2
(A38a)
The solution of this differential equation gives the value of 1^' • 
:angular Cross-Section
Consider a rectangular cross-section of width b and depth c#
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In order to determine 'j) assume 
OC.
ll> * J* B Cos(2n+l) Y   A39
1 n n b n
a, . . - ■ - n-l 
and -2 = -2 (gn+1V, (~4)y2 cos(2n+l)nx
. n=0v } h
where B^^Cn = 0,1,2,3, —) , are constants
Y^, ^n — 1,2,—  n) ? are functions of y only.
Substituting for in equation ( A38a)
d2 Y - (2n+l)2 7C2 Y = -2 4 (-l)n
. 2 n 2 n (2n+l)7t Bdy b n
The solution of this equation is
Y - C sinh (2n-fl) %y + D cosh(2n+l) + 8b2 (-1)*1
b b (2n+l)^-n?B
n
Arbitrary constants C and D are obtained from the boundary conditions, 
namely:
d Y = O at y = 0 
dy n
' ' ' ' Y a 0 at y « +
Then equation for Y becomes
n
2
Y *
(~l)n £ 1 Cosh(2n+l)7ty/b ^
n (2n+l)\3B Cosh(2n+l)7t c/2fe
Hence substituting for.T^in equation (A39)
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ip m & £  ^  i = l £ _  [ 1 - 11 y/f  ] Cos(2n+l) ™  x
r  u3 n=0 (2n+l) Cosh(2n+l) „ c/2b b
 ..... (A40)
From equation (A38)
J = 2 // ^
A
=20’ .( Sj® ^  i^jL. [ 1 - Cosh (an*l)lt y/b1 Cos(2n+1) S  I ^
17C (2n+l) Cosh (2n+l) ire ^
n=0 . 2b
3 4„tl b c cc 1 64 b cc 1 A , ,n tic
3 T" y; li^ TT4 " “T- ^  Ti^ T) tanh(2n+1) ab
“  n*=o “  tt=o
CC 4But >  1 . _ it
fe> *(2n+T) ~ ?6~
Hence J = ~  b^cC 1 - ~  ^  tanh(2n+l) • •••«•.»• (A4l)
3 ^5 c ^  (an+1)5 2b-J
n=0
and
x = G ^g £ ° [ !  _i2| £  j p   tanh(2n+l) f£]....(A42)
dZ 3 1? ° £ 5  (2n+l) 2b
From equation (A40) and using the relationships in equations 
(A36) and (A37)» the torsion function becomes?
^ 8c2 •*—  (-l)n Sinh(2n+l) —  y „. N it /.»=. v0 - x y  --------- ---  r-    c 3 Sin(2n+l) -  x •••(A43)
x n=0 (2n+l) Cosh(2n+l) Tib
2c
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A SHORT ELEMENT OP A BAR IN TORSION
FIGURE A.2.1
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(x,v)
i
CROSS—SECTION OF A BAR IN TORSION
FIGURE A.2.2
APPENDIX III 
ENERGY EQUATIONS OF A BEAM
Strain Energy due to bending in one plane
A beam is subjected to bending in yz plane* The strain energy 
dV of a short element of length dZ is given by
dVfo = i M d0
= J M dgf dz ......................   (A44)
dz
Substituting equation (A6) and (A10) into the equation (A44)* the strain 
energy of a short element is given by
2 2
dVb = J dz... ....... ...............(A45)
dz2'
Thus for the whole length of the beam the strain-energy is:
L a 2
V = j 2 El / )  dz aaaaoaooaaoaoiavaeeooeaa (A46)
b I «  IdZ2/
0
In terms of the bending slope the strain energy becomes:
L 2
vb
i Elf'^ dz «.*••ao•*•«»o•o«•oeO•**••«••(A46(a)) 
* \dz J
0
Similarly for a beam subjected to bending in xz plane the strain 
energy for the whole beam is given by1
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vb
In terms of the bending slope 0^ the strain energy becomes: 
L 2
f dz     .(A47.a)
\dz V
J o
III.2 Strain Energy due to Simultaneous Bending in Two
Planes
A beam is subjected to simultaneous bending in the xz and yz 
planes, as shown in Fig. A.1.2. The strain energy dV of a short element of 
length dz is given by
dVb = * Mx d0l + * My dfS: 2
= J M 60 ' dz + i M d0o dz ..................(A43)
x 1 y 2
dz dz
Substituting for M^ _, M , d0  ^ and d ^  from equations (A23), (A24) and (Al8)
dz dz
respectively into equation (A48), the strain energy of the short element is 
given by:
dV = JCeI + El ] ( ■“  ) dz
b ^ d z 2 ^ d z 2 dz2
2 2 2
+ J [ e I + El •— ] ) dz   (A49)xx , 2 xy , 2 2dz dz dz
^  f e ( ^ )  * » » ( S ) ( £ i )  * “ =  ( $ )  -  lM0)
For the whole length of the strain energy of bending is:
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El _T i d2y\ /d2x \ El  ( d2y  ^ /...^
Vb - /[ (— )(— ) + — SE ] d z ......<A5 D
0 2 dz“ ^  dz“ dz“ 2 dz*
Expressing the strain energy in terms of bending slopes 0^ = 02 and 0^ = 
0  ^about yy and xx axes respectively becomes
L El d20 2 d0 d0 El d0 2
vb 53 /[ _-yy ( _ J E  ) + xy(~~^ * )(— )+ (— Q' ] dz ••*<A51*a)
q 2 dz dz ' ' dz ' 2 ' dz
111*3 Strain Energy due to Torsion
When the beam is in torsion only about zz axis the strain energy
dV, in a short element is t
dV « 2 T d©t
X ~ 2 T ~  dz ................... ...........(A52)dz
Substituting for T from equation (A38) into equation (A52) the 
strain energy of a short element due to torsion is given by:
... 1 r _ _d© I d© .dV. = fL GJ-t-J —  dzt dz dz
2
a i GJ ( ) dz     ».e (A53)v dz
For the whole beam the strain energy due to torsion is given by:
L ^
V, = r GJ / d© )....dz  ........................ .(A54)
t Q 2 dz
r*
111*4 Kinetic Energy of a beam vibrating in one plane
When a short element of length dz of a beam vibrates in the zy
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plane with an instantaneous displacement y from the equilibrium position 
the kinetic energy dT^ of the element is given by:
Hence the instantaneous kinetic energy of the whole beam of length L is 
given by:
O
Similarly for a beam vibrating in the xz plane the instantaneous kinetic 
energy is given by:
Kinetic Energy of a beam Vibrating Simultaneously 
in two planes
A short element of a beam vibrating simultaneously in ys and xz 
planes is shown in Fig. A,1,2. The instantaneous displacements of the 
centroid of the element from the equilibrium position are y and x in the 
yz and xz planes respectively.
Hence the instantaneous kinetic energy of the whole beam of length L is
(A55)
T
b
(A56)
L
r
T,b (A57)
0
The kinetic energy ofthe short element is then given by;
(A58)
given by:
L
1 pA /»2 *2^2 (r + y ) dz 
9
(A59)
111,6 Kinetic Energy of a Beam in Torsional Vibration
When a short elemental bar of length dz as in Fig, A,2.1., is 
subjected to a torsional vibration about its centroid, giving an angular 
displacement © at any instant the kinetic energy of the element is given 
by:
dT = dz ^  .o.e<>«o (a60)
2g
Integrating over the whole length L of the beam the instantaneous 
kinetic energy of the whole beam is given by:
4Q4
APPENDIX IV
EQUATIONS OF MOTION
IV•1 A Note on Hamilton*s Principle
The equations of motion of a dynamical system can be obtained 
from expressions for the kinetic energy T and the potential energy V*
Use is made of Hamilton’s principle which states that if
I =* T - V
where I is defined as the kinetic potential,
^2then r
F = I Idt .......................,.o.(A6 3)
i
b
taken between two fixed values of time t and t^, is stationary for a 
dynamic trajectory*
IV*2 Equation of Motion of Beam Vibrating in one
Plane
The strain energy V and kinetic energy T of a beam vibrating in 
yz plane about one of its principal axes are given by equations (A46) and 
(A56) respectively*
Substituting for V and T the expression (A63) gives 
t2 L 2 2
! i PA it -  EIXX (7 2 ) dt ................ (A64)
b  ' °
2g S T
For stationary values of the expression (A64)
i ±2 f L 2 2 1
f PAy 6y _ El  • i f  6 (4-Z) | dz dt = o ...... (A65)
!1 I g dz K dz 4
tx ) 0
On integrating by parts the equation (A65) gives:
PA f by
g
1 * A2 1
- EI ,r’ ■ ^  6 dy I + -r (El  j™) 6y•v-r 2 i dzx xx , 2 ' J
dz
xx , 2
dz dz
- 0 0
0
j d^ /EI d^y ^ pA y I . , ,, _— 0! xx I + ~ — *- j 6y dzdt = O
dz2 / g
(A66)
Here t and t are the initial and final values of t and by
X ei
vanish for both these values* Hence the first term of equation (A65) can 
be ignored* Therefore for stationary values of expression (A64), the 
remaining terms of equation (A66) must all vanish.
The second term can become zero when at z = 0 and z = L 
respectively.
EI = 0 and dy = 0V V  /J mmJbm
dz dz
(A67«a)
or EIxx . 2dz
and EI 0xx , 2 dz
(A67.b)
or d]r sa 0 
dz
and EI = 0xx , 2 dz
(A67„c)
or - odz and = 0dz (A67.d)
The third term can become zero when z = 0 and z = L 
respectively
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EI
or d ( xx ) = 0 and I xx — s 0 ...... (A68.b)
dz dz dz dz
EX
or y = 0 and d ( xx — ~ ) = 0 ....(A68.c)
dz dz
or y ss 0 and y = 0 (A68.d)
Since 6y is an arbitrary variation in 35. and in general is not 
equal to zero, in order that the term under the integral in equation (A68) 
should vanish for any 6y
2 , 2
d y E I d y .  . _ e rrn\— o ( xx — 5 ) + pA y = 0  (A69)
dz dz g
Hence equation (A69} gives the equation of motion subject to a set of the 
conditions from each of equation (A67) and (A68).
For a cantilever beam clamped at z - 0  and free at z - L, the 
end conditions are given by equations (A67c) and (A68c).
Similarly for a beam vibrating in the zx plane the equation of
motion, and the end conditions can be obtained by substituting x for y and
I for I in equations (A69K  (A67) and (A68) respectively, yy xx
/
IV.3 Equations of motion of a'beam vibrating similtaneously
in two planes
For a beam vibrating simultaneously in yz and xz planes the^X^ |
strain energy V and kinetic energy T are given by equations (A51) and (A59X. I
respectively. *S-J}|
ill
i;;|
Substituting for V and T equation (A63) gives: |
t? P 2 2 1
f ■’ -3 -3 E I . ^ x .  ± *  EI .djT
J
rl /.2 ,2. r y y ( ^ )  ^  n ^  xx ( ^  ) 1 dzdtr i p A ( x  + y ) - f  ' 2' + EI 2 ,2 dz } J* ^ 2  dz xy dz dz 2
g
t J O  (A70)
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For stationary values of this expression
y2 2 2 d x ./ d X- 2 2 d y f. / d xr pA pA EI ■—  &(■— ?) EI -^~r 6 (•—  )T li— y5y + x5x - yy J 2 , 2 ' - xy , 2  ^ 2 '
L g g dz dz J dz dz
»tx J 0
2 2
L2
dz*" dz"
EI ) - EI 5 ) 1 dzdt = 0x y J 2 vJ 2 / x x , 2 V . 2 / Jdz dz
(A71)
On integration by part equation (A71) give3
± L2 — —
+ y&y)
2„ EI d x e/dx\
^  T a 6^ )
d , EI d2x \
+ d£< 5 T 7 2 ) 6Xdz dz
!tx 0
L L
0
ei 4 f ( x )  ! +4r(EI*y A ) 6*xy , 2 dz 
dz dzN , 2dz
^   ^2 'dz ' dz
+ d ^^xy d2x ^  6y
 ^2 ' dzdz 0
O
L
0
XX d y 6 dy
W N M H M M  I M W M  \
, 2 vdz / dz 0
 ^ EI .^2 *+ d xx d y oy
dz( 2 )dz 0
r d2 .EI d x . d  , .
[ — 2( y y - a )  + — 2( ^ T t )  g ...
dz dz dz dz dt
i f  j  Sx
*1 °
+ [ ~ ~ ( E1X X ^ )  + ^ ( EIx y ^ )  + £ | ^ | ]  6y ] d Zdt = 0
dtdz
2 ' ’ 2V . 2 dz dz dz
(A72)
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Here and 12 are the initial and final values of t and both 6x and by- 
vanish for both these values. The first term of equation (A72) may be 
omitted.
Since 6y and 6x are arbitrary variations in y and x respectively, 
and since they are independent of each other and are not zero in general 
the integrand would vanish only if
0 (A73)
and
0 (A74)
For the equation (A72) to vanish completely the following 
terminal point equation must be satisfied at each of the limits*
} 6y | = 0
- 0
(A75)
The conditions relevant to a cantilever beam clamped at z = 0
and free at z = L are
(A76.a)
IV. 4 Equation of Motion of a Beam in Torsional Vibration
The equations (A^4) and (A6l) give the strain energy and kinetic 
energy respectively of a beam vibrating torsionally about its centroidal 
axis. Substituting for T and V into expression (A63) gives:
t L 2
r ,
V 0
pi §
JL.
2g
GJ /d9\ 
2 Idz I
dzdt (A77)
For stationary value of expression (A77)
*2 L
pIp 659 - GJ 4 “ 6 dzdt a 0dz dz
On integrating by parts 
t_
pIP See * . , 1- gj eedz & ( GJ £ )  - r  l6e dzdt
j 0 t^ j o
== 0 (A78)
Ignoring the first term as 69 is zero for both the initial time t^ and 
final time t for the equation to vanish for any arbitrary variation in 9C*
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and the terminal condition
L
__ d© -_ GJ —  69dz (A80)
0
The condition for a cantilever beam clamped at z s 0 and free 
at z == L becomes;
© ss 0 at z =  0 (A8l„a)
and
rl©
GJ = O at Z a L dz (A8l.b)
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APPENDIX V
ENERGY EQUATIONS OF A BEAM INCLUDING SHEAR AND ROTARY 
INERTIA EFFECTS
For long slender beams the kinetic energy due to the rotation of 
the cross-sectional planes is very small compared to the energies due to 
pure bending and is often neglected. This rotary inertia effect could 
however become appreciable when the length of the beam becomes small com­
pared to the cross-sectional dimensions of the beam*
Since the bending of the beam under vibration is caused by the 
inertia loading, there would always be a shear force at every cross- 
section of the beam, except at the free ends. The shear force acting 
on the beam causes a shear deflection in the beam, while setting up a shear 
stress across the cross-section of the beam. As the length of the beam 
becomes small in comparison to the depth of the cross-section, the shear 
deflection attains a magnitude comparable to the bending deflection. The 
energy associated with the shear deflection is then no longer negligible.
Hence, the kinetic and strain energies of a beam for simple 
bending must be modified to take into account the energies due to shear 
and rotary inertia effects.
V.1 Strain Energy of a Beam Vibrating in One Plane
The strain energy V of a beam vibrating in one plane, whereD
the shear deflection is ignored, is given by the equation (A46.a).
Assuming that a shear force F in the plane of cross-section gives a slope
due to shear deflection dy the additional strain energy is given by
s
dV ss F dy F ^  dzs s *
Assuming a shear coefficient k for the cross-section of the 
beam and using a linear relationship
412
F = ^ | )f' ................................ (A82)
the strain energy becomes
dV = AG -a*2 dz 
3 2k I
Integrating over the whole length L of the beam the additional strain 
energy becomes
vs = jL f 4 2 -
Since the total slope of the beam at any cross-section is the 
algebraic sum of the slopes due to pure bending and shear -deflection, 
the shear slope
f -  H    (A8^>
where y is the total deflection 
and 0 is the slope due to bending.
Hence, the additional strain energy can be expressed as
L 2
V = “  / ^  t ot Ns 2k dz J dz «.........  (A84) '"v
^ 0
The total strain energy V of the beam then becomes 
L
2 EI /d0\ + AG / dy — 0 \ ■ dz .........4(A85)
”  Idz/ 2k idS /
V.2 Kinetic Energy of a Beam Vibrating in One Plane
The kinetic energy T^ of a beam vibrating in one plane, whe 
the "Rotary Inertia" of the cross-section is ignored, is given by the
413
equation (A56)8
As the depth of the beam compared to the wavelength of vibration 
of the beam becomes appreciable the kinetic energy of the beam due to ro­
tation of cross-sectional planes is no longer negligible*
Consider a small element B of area dA in the cross-sectional 
plane of a beam at a distance b from the neutral axis xx, as shown in 
Fig. A.V.l. If 0 is the slope at the cross-section due to bending, then 
the velocity of the element is b0. The additional kinetic energy of the 
element of small length dz is
Integrating over the cross-section, the kinetic energy due to the rotation 
of the cross-section becomes
Hence over the whole length L of the beam the additional kinetic energy 
T due to “Rotary Inertia” becomes
1 t i \ 2—  p (b 0) dz dA
A
r
L
2
dz (A86)
"0
Therefore the total kinetic energy of the beam is
2g
(A87)
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Vo3 Strain Energy of a Beam Vibrating Simultaneously
in Two Planes
The strain energy V^ of a beam bending simultaneously in two 
planes, where the deflection due to shear is ignored, is given in equation 
(A51»a)« la/hen the shear deflection in the zx and zy planes can no longer 
be ignored compared to bending deflections in zx and zy planes, the strain 
energy due to shear deformation has to be taken into account in the total 
strain energy of the beam*
Assuming F and F the shear forces on a cross-section in the X x y
and y directions produce shear slopes and ij/ corresponding to shear
deflections dx and dy along the x and y axes respectively, the additional s s
strain energy dV is given by s
F dx F dy dV = x s y s
S 2 + 2
F Fs X W  dz + y \jj dz
2~ & T  fy
Assuming a shear coefficient k for the cross-section of the beam and 
using linear relationships
F =x k T x
and F = — ■ tVy k
The strain energy becomes
j M  Yx _  ,
s 2k 7 2k
Integrating over the whole length L of the beam the additional 
strain energy becomes 
L
> , - ( ( §  *  * i
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Since the total slope of the beam at any cross-section is the 
algebraic sum of the slothes due to pure bending and shear deflections, 
the shear slopes ares
W  = ■ . K
Fx dz
and
■ y dz y
where x and y are the total deflection in the zx and zy planes respective­
ly, and 0 and 0 are the slopes due to bending in the zx and zy i3lanes x y
respectively.
Hence the additional strain energy can be expressed as 
L 2 2
Vs I $ [ ( £ • ' - )  * & ■ ' - )
o L.
dz ( A88 )
Therefore the total strain energy V becomes:
V a
L
r o
EI f 60 % EI 
yy / s i + xy
2 \ .dz/
dA ) ( dlA  * / i f
dz /{dz J 2 \ dz y/
0
- ......
V.4 Kinetic Energy of a Beam Vibrating Simultaneously
in Two Planes
The kinetic energy T^ of a beam vibrating in two planes 
simultaneously but ignoring the rotary inertia of the cross-section is 
given in equation (Af>9)*»
Mien the depth of the cross-section becomes large in compari­
son to the wavelength of vibration, the kinetic energy due to rotation 
of the cross-sections about the neutral axis is no longer negligible.
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Consider a small element B of area dA in the cross-sectional
plane of a beam at a distance b from the xx axis and a from the yy axist
as shown in Fig« A.V.2* If 0 and 0 are the slopes due to bending about
y ^ • m
xx and yy axes respectively, then the velocity of the element is b0 + a0  ^•y x
The additional kinetic energy of the element of small length dz is
1 • • ^7T- p (b 0 + a 0 ) dz dA 
2g y x '
Integrating over the cross-section, the kinetic energy due to the rotation 
of the cross-section becomes:
2
dT = 1 p(b 0 + a0 \ dz dAr —  y x '2g
A
. 2 - 2
1 / I 0 +21 0 0 + I 0 Y dz= 7?— V xx y xy y x yy x /'
Hence over the whole length L of the beam the additional kinetic energy
T due to ' rotary inertia' becomes: 
r
L
f n T *2 T I
T =( *- / xx 0 + xy0 0 + yy 0 'j d z ............ (A90)r g V-5— y y x ' x J
J; 0
Therefore the total kinetic energy of the beam is
,.L
1 • • j
r£A(i2+ ^  £__s 0y + "^x)] *. ...(A91)
2g v  ^ 1 g v 2
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A BEAM BENT ABOUT THE xx AXIS
FIGURE A.V,1
i
7
A BEAM BENT SIMULTANEOUSLY ABOUT xx AND yy AXES
FIGURE A.V.2
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APPENDIX VI
EQUATIONS OF MOTION INCLUDING SHEAR AND ROTARY
INERTIA EFFECTS
The equations of motion ignoring the shear deflection and
rotary inertia effects are derived in Appendix IV. When the depth of the 
beam becomes large in comparison to the wavelength ofthe beam the shear 
deflection becomes comparable to the bending deflection. The strain energy 
and kinetic expressions are modified in Appendix V to allow for the shear 
deflection and the rotation of the cross-section. These expressions are 
used in deriving the equations of motion of beams allowing for shear and 
rotary inertia effects.
^*•1* Equations of Motion of Beam Vibrating in One Plane
The strain energy V and kinetic energy T of a beam vibrating in 
the zy plane, including the effects of shear deflection and ’rotary inertia1 
are given by equation (A85) and (A87) respectively..
Substituting for V and T the expression (A63) gives;
F dzdt ...(A92)
For stationary values of the expression (A92)
dzdt rs 0
Integration by parts and collecting terms give the following
equations;
0 (A92)
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3 , EI d0 , AG . dy v pi V  ,
s5^( ** dz )+ iT(dz “ * ) ~ L a .  ** = 0 .......... CA93)
9
and the boundary conditions 
y = 0 = O a t z = O
and dz = ( dz “ ^ ) = 0 a t ^ ~ L   ......... (A94)
VI. 2 Equations of Motion of a Beam Vibrating Simultaneously
in Two Planes
The strain energy V and kinetic energy T of a beam vibrating 
simultaneously in the zx: and zy planes, when shear deflection and rotations 
of the cross*-sections are taken into account are given in equations (A89) 
and (A91) respectively.
Using Hamilton's principle by substituting for V and T in 
equation (A63) gives:
For stationary values of the expression its first weak variation 
must vanish. Proceeding in a similar manner as before the equations of
420
motion are:
3.fAG /dx - 0 \\ - £ A X
5 z i k I dz * J q
= 0 (A95)
J L
3 z
AC /dy - 0
k \dz ') y = o (A96)
^  EI d0 EI d0 
u . yy J L * + *y y
zu dz dzH <£ I pj e lg X
I p- xyr 0 = 0
y
(A97)
and
a EI d0 EI d0 xx y + xy x
dz dz
AG | d£ 
k ( dz - y■) - 5 s £
IxyP 0^ = O
g x
(A98)
and the boundary conditions are:
and
y = 0  = x  = 0 = 0  at z = 0
y x
(A99)
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APPENDIX VII 
SOLUTION OF EIGENVALUE PROBLEMS
VII, 1 Iterative Procedure for Dominant Latent Root
A number of iterative procedure for the determination of a latent
68
root and xts vector has been described by Wilkinson • The following 
method is based on the basic iterative procedure which forms the basic of 
©any other.“methods. : f ~ s~ .
The eigenvalue problem isexpressed as the equation 
Ax « Xx
where A is a square matrix of order n
x is a column vector of n elements defined as the 
eigenvector or latent vector,
X is a scalar defined as eigenvalue or latent root.
By definition, the n latent roots X,, X0, X_ — — X of the j ■ i l5 2’ 3 n
matrix A are those values of X for which the n equations
Ax = Xx have non-zero solutions.
There exists a x the latent vector of A, corresponding to every r
value of X • It is assumed that all the X's are distinct and are r r
labelled in the descending order of magnitude so that X. > X. _
X x+x
Iterative Scheme
An arbitrary vector y^ is taken and the sequence of vectors
y is derived such that r
yr+l - A yr
Any arbitrary vector y can be expressed in terms of the x^’s such that
n
y « ^  a x ...........    • ( AlOO)
o r rr=l
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It follows that since Ax. = X. x
1 1 i
and AS x. = X*! x.l l i
n
. S S i  « Sy = A y = a. X . x.s o i i i
1=1
n
or ys = Xflx X a i i .  x.
? .  *• ( y
s
^ 0 . if i / 1
i=l 1
A  \
As s-~> oc
then y X , a. x, ................... (AlOl)s 1 1 1
The rate of convergence depends on the magnitude of the first 
term omitted, that is on the ratio 2/X^, and if this ratio is nearly 
unity, the convergence will be slow.
Hence X — ^  ^s+1 as s — oc ............ (A102)
y
s
VII.2 Root Removal and Reduction of Matrix Order
A method for the removal of a latent root, which is numerically 
the greatest, is described in this section. This technique of root 
removal has the virtue that the order of the matrix is reduced by one 
during the process. Thus the calculation time, after each successive 
removal, is reduced.
The original n x n matrix A is renamed A^ and the n latent
vectors x^ , x \  . The first reduced matrix of order (n-l)
17 2 n
is called A ,
Let the vectors x^ be normalized so that their first elementsr
are unity.
1 **Now, suppose that A is partitioned in the form where 1
.1is a row vector and B is of order (n-l)x n. The definition of latent
423
vector gives the equation
A1 ^ i  = Xi ............................(A1Q3)
Since the first element of x \  is unity, it follows that
rl = Xi .................    (aio4)
Consider the matrix D - A - x^, r_ • Since the first element
1
of x  ^is unity and the first row of A1 is r f it follows that all the
elements of the first row of D are zeros. Thus, one latent vector of D
2is null, the remaining n-1 are denoted by x. and are defined by
. 2 2  1 1  , 
k. Xj. = xx - x±   »(A105)
2where k_^  is a normalizing constant.
The matrix is no longer square and so a matrix A^ is defined 
as a square sub-matrix of order (n-1) where
di = ( ' k )
C0 is a column matrix with (n-l) elements.dk
The latent vectors of D may also be partitioned as 
0
= ( ? )  
>: i m
in Which case Q /o . 0 \ /0 \ / 0
^  2 > 'C2 A2)[y.Z ) ^  y .2
2 2 and if A_ y. = v, it follows2 l i i
Di ( y  = xi { 7?
Hence the column vector C0 may be omitted and the calculation proceeds withdi
matrix An of reduced order. Its latent roots are \0, X ,  X and the
1 i
(n-l) vectors are obtained from the (n-l) vectors ( x^ - x^  ^ by omitting 
the first elements.
4?4
The process may now be repeated. The general relationship 
between vectors is
k/1
s s—1C. . » X ,
1 s*-l - X
s-1 i > s (A106)
vii.3 Back Substitution Process to Obtain Latent Vectors
The vectors obtained, after the first root have been found and 
removed, are not the true vectors of the original matrix. To obtain the 
vectors of the original matrix from these vectors a back substitution 
process is required.
Suppose it is required to derive x. with (n-s+2) non-zero 
components from a knowledge of x^ with (n-s+l) non-zero components. The 
required generalization of equation (A104) is
s-1
r , x. s-1 x * X.x
Premultiplying equation (A106) by Ts-l
k. I* , x.x s-1 x
s _ s-1 s-1= r , x , - x.s-1 S - 1  X
s-1 X.X
Thus the normalizing factor is found to be
J 3 X - X. k. ss s-1 x 
X r _ x. s-1 X
s-1From equation (A106) the required vector x_. is
s-1x.
X
=5 X
s-1
s-1
X _ - X.
S - 1  X s
   ------- —  X .r x.s x
S - 1  X
. riA107)
.(A108)
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APPENDIX VIII 
DERIVATION OF EXTRAPOLATION FORMULAE
VIII.1 Finite Difference Relationships for Derivatives
The finite difference relationships for derivative. of 7 ares
h v*1 ’ ’ = y - 4 y , + 6 y - 4 y , + y  „
A r+2 ■'r+l ^r Jr-1 Jr-2
3
2h y ’ M = v — 2 y , + 2 y + y  „fr r+2 ^r+1 •’r-l yr-2
(A109)
2
h v 1 1 = y , - 2 y , + y  ,frr Jr+1 r+1 r-1
2 h y *  s s y ' - y ,IT r+1 r-1
VIII.2 Derivation of Extrapolation Formulae
Let a homogeneous differential equation
y» tI» + 0^(z) y» »» + 02 (z) y * ' + 0^ {z) y* + \ y = O ...(A110) 
in the range z = zq to z = z^ , with boundary conditions
. , (n-l) (n-l)
, y ’ = y ' , — — . y _ „ - y„z=z o z=z o z=z oo o o
_
have eigenfunctions y , y , y — — y .1 « j n
Let y (h) and X(h) be approximations to the eigenfunction y and eigen r r
value X based on an interval of h in the range of the equation. Both yr(h) 
and X(h) are functions of h.
From Taylor series
*r— hf; £ ?r .............S=1 Si hs
or-.
s.
X ..............
S=1 c5 1 c;O0 h
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(A114)
From TayXor series for two functions
cC
yr+l(h) = yr- + (i1)3 bS A  ^ + a d \ s y ........ (A113)
ril r S=1 i r ( ' S h  s : )  r
oC
yr+l(h) = yr + ^ ± 1)S yr ......
s! I 3h
y and its derivatives are evaluated at h = 0.
Replacing the derivatives of y in (A110) by their corresponding finite
differences, using equations (Alll) to (All4), and equating to zero the
O  X 2coefficients of successive powers of h, the coefficients of h , h , h 
3
and h reduce identically to zero.
The coefficients of higher powers of h give the following
equations:
/ —  + ^l(r) —  + x'i v
U z 4 + 1 3 z 3 + 2  9s2
= 0
f rr ♦ *i(p) + ^ (r) + typ) J- + xVr - -yM
U z 4  9 z 3 3 z 2 d z / § h "  9h -
(!^  + <yr)SL + Vr) + Vr) -I-+ x) =-yr^
\ ^z 3z 3z 9z ^2 h^
-2  S z  .  / l / 3  <^ L  + V r )  l / 6  02 ( r )  S 4 /3  0  ( r )  \ y
3h (1/3 37 -V- 9z5 v 9z4 ^
(AI15)
The first of the equations (A115) is then the original problem
and the second gives the differential equation for S yr „ The remaining
o* h .
equations give the differential equations for successive derivatives of y *^
The second equation of (A115) has an eigen solution, and the 
boundary conditions are the same as the original equation, only if
z 
r n
zo
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i. yr ^  y dz = O ......................   (All6)
W 0h
where ¥ is the Wronskian of the independent solution of the second 
equation of (A115). Therefore, the condition reduces to
z
3 X  r n
9 h (esp ^1 dz) y 2 dz = 0 ....................(A117)
zo
The integrand is always positive so that the equation (A117) 
3  Xis only satisfied if 'rr = 0*
dh
w I*Hence from equation (A115) the solution for •=r*r—  is then merely
d h
a multiple of the original y. Since for any interval of h, the solution
of y(h) can be multiplied by any arbitrary constant, the solution is
normalised in the extrapolation process and if this normalising factor is
3 X 3 vkept constant for every interval of h then —  and rf* are both zero.
3*1 o'h
Considering the third of equation (A115) and applying the
_ 2
conditions in (A116) there exists no reason for 3 X to reduce to zero,
2
and hence o y also does not reduce to zero.
3 h 2  a 3 x
From subsequent equations of (A115) it can be shown that — j-’
S  ^ X ...and cfr^ y , 3^y , •••• all reduce to zero.
3 h^ c)h^ 3h^
y ..... «t(i=l) 2, 3»..) ....(All8)
r
Oc , 2s r
2
h.1 Iff
S=1 2s 1 -x 2S dh.
X
oC 2s
■■
h.1 s 2s
S=1 2s I 3 b f
(i=l, 2, 3...) .....(A119)
Solution of the simultaneous equations (All8) gives the value of y^ while 
the solution of equations (A119) gives X. Limiting the series to n num­
ber of terms gives approximations to y^ and X which are closer to the 
exact values than y^(h) and X(h).
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